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Exact Calabi-Yau categories and
q-intersection numbers
Yin Li
To the people who sacrificed their lives for freedom and democracy during the 1989 Tiananmen
Square protests
Abstract
An exact Calabi-Yau structure, originally introduced by Keller, is a special kind
of smooth Calabi-Yau structures in the sense of Kontsevich-Vlassopoulos r45s. For a
Weinstein manifoldM , the existence of an exact Calabi-Yau structure on its wrapped
Fukaya category WpMq imposes strong restrictions on its symplectic topology. Un-
der the cyclic open-closed map constructed by Ganatra r27s, an exact Calabi-Yau
structure on WpMq induces a class b˜ in the degree one equivariant symplectic co-
homology SH1
S1
pMq. Using b˜ one can define a version of refined intersection num-
bers between b˜-equivariant objects of the compact Fukaya category FpMq, which
reduces to the q-intersection numbers introduced by Seidel-Solomon r67s if b˜ is in-
duced by a quasi-dilation in the degree one symplectic cohomology via the erasing
map SH 1pMq Ñ SH 1
S1
pMq. This enables us to show that any Weinstein mani-
fold with exact Calabi-Yau WpMq contains only finitely many disjoint Lagrangian
spheres. We prove that there are many Weinstein manifolds whose wrapped Fukaya
categories are exact Calabi-Yau despite the fact that there is no quasi-dilation in
SH1pMq.
1 Introduction
For simplicity, we will work throughout this paper with a field K with charpKq “ 0, whose
algebraic closure is denoted by K. All the dg or A8-categories in this paper will be defined
over K, so do the corresponding homotopy or homology theories. When the categories
are split-generated by finitely many objects in the sense of r56s, it is convenient to use an
equivalent language, namely dg or A8-algebras over the semisimple ring k :“
À
iPI Kei,
where I is a finite set and teiuiPI is a set of idempotents indexed by I. In this way, we
are not going to distinguish below between an A8-category A split-generated by finitely
many objects tSiuiPI and its endomorphism algebra of the object
À
iPI Si in the formal
enlargement Atw, which is an A8-algebra over k.
All the dg or A8-algebras in this paper will be Z-graded. The Hochschild chain
complex of an A8-algebra A will be denoted by CH ˚pAq, and we use HH˚pAq to denote
its homology. The more familiar notation CC˚pAq will be reserved for the cyclic chain
complex, which computes the cyclic homology HC˚pAq. The same notational convention
will be adopted when dealing with Hochschild and cyclic cochains, with the subscripts
indicating the gradings replaced by superscripts.
1.1 Exact Calabi-Yau structures
Let A be an A8-algebra over some semisimple ring k, which is homologically smooth. It
can be regarded as a bimodule over itself, which is known as the diagonal bimodule and
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by slight abuse of notation, we will still denote it by A. By our assumption, A is a perfect
bimodule. Its dual bimodule, A_, is defined as
A_ :“ RHomAepA,A
eq, (1)
where Ae “ A b Aop. Recall that A is a weak smooth n-Calabi-Yau algebra if there
exists a non-degenerate Hochschild cycle η P CH´npAq, i.e. a cocycle which induces an
isomorphism
A_rns – A (2)
between A-bimodules.
Associated to A there is a long exact sequence r50s
¨ ¨ ¨ Ñ HC´˚´1pAq
S
ÝÑ HC´˚`1pAq
B
ÝÑ HH´˚pAq
I
ÝÑ HC´˚pAq Ñ ¨ ¨ ¨ (3)
relating Hochschild and cyclic homologies of A, which is known as Connes’ long exact
sequence r50s. The following definition is our main subject of study in this paper.
Definition 1.1 (Keller). A weak smooth n-Calabi-Yau structure on A is said to be exact
if the Hochschild homology class rηs lies in the image of Connes’ map B : HC´n`1pAq Ñ
HH´npAq.
Notice that the notion of an exact Calabi-Yau structure is strictly more restrictive
than a smooth Calabi-Yau structure in the sense of Kontsevich-Vlassopoulos r20, 45s,
which is defined as a negative cyclic cycle η˜ P CC´´npAq whose induced Hochschild cycle
in CH´npAq under the inclusion map of homotopy fixed points ι : CC
´
˚ pAq Ñ CH ˚pAq
defines a weak smooth n-Calabi-Yau structure on A. This can be easily seen from the
following commutative diagram r50s:
HC´n`1pAq HC
´
´npAq
HH´npAq
B
rιs (4)
Just as a Calabi-Yau structure rηs P HH´npAq is the noncommutative analogue of a
holomorphic volume form Ω, the existence of a lift rη˜s in HC´´npAq corresponds to the
(trivial) fact that Ω is necessarily closed. Since Connes’ differential B is the noncommu-
tative analogue of the de Rham differential, the exact Calabi-Yau condition imposed on
A is analogous to the exactness of Ω as a differential form. This explains the terminology.
We remark that an important class of examples of exact Calabi-Yau A8-algebras is
the so called superpotential algebras introduced by Ginzburg r33s, which is roughly a dg
algebra whose underlying associative algebra is modelled on some localization of the path
algebra, and whose differential is specified by a superpotential lying in the commutator
quotient A{rA,As, see Section 2.1 for details. As a special case, we have the Ginzburg dg
algebra GpQ,wq associated to a quiver with potential pQ,wq, see r33s.
1.2 Wrapped Fukaya categories
Let M be a 2n-dimensional Liouville manifold with c1pMq “ 0, which is obtained by
completing a Liouville domain M . Associated to it is a Z-graded A8-category WpMq,
well-defined up to quasi-isomorphism, known as the wrapped Fukaya category r5s. The
objects ofWpMq are closed, exact, oriented, Spin Lagrangian submanifolds with vanishing
Maslov class, together with certain non-compact exact Lagrangian submanifolds which are
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modelled at infinity as cones over Legendrian submanifolds in the contact boundary BM .
In the case when M is Weinstein, there is a set of distinguished objects in WpMq,
namely the Lagrangian cocores L1, . . . , Lk of the n-handles in the handlebody decompo-
sition of M . It is proved in r17s and r30s that WpMq is generated by these cocores. In
particular, denote by CW ˚pLi, Ljq the wrapped Floer cochain complex of the two cocores
Li, Lj ĂM , we have an equivalence
Dperf pWpMqq – Dperf pWM q (5)
between the derived wrapped Fukaya category and the derived category of perfect modules
over the wrapped Fukaya A8-algebra
WM :“
à
1ďi,jďk
CW ˚pLi, Ljq, (6)
which can be regarded as an A8-algebra over the semisimple ring k “
À
1ďiďk Kei.
Combining the generation result in r17s and r30s with Theorem 3 of r27s implies
that the wrapped Fukaya category WpMq of any Weinstein manifold M carries a smooth
Calabi-Yau structure. Also, in nice situations it is possible to upgrade the smooth Calabi-
Yau structure on WpMq to an exact one. For example, the author studied in r49s the
wrapped Fukaya A8-algebras of the 6-dimensional Milnor fibers associated to the isolated
singularities
xp ` yq ` zr ` λxyz ` w2 “ 0 (7)
in C4, where λ ‰ 0, 1 and 1
p
` 1
q
` 1
r
ď 1, and identified them with Calabi-Yau completions
in the sense of Keller r39, 40s of certain directed quiver algebras, which in particular
shows that their wrapped Fukaya categories all admit exact Calabi-Yau structures. Earlier
results in this direction include the work of Etgu¨-Lekili r25s, which proves the existence
of an exact Calabi-Yau structure in the case when M is a 4-dimensional Milnor fiber of
type Am and Dm (provided that charpKq ‰ 2), and Ekholm-Lekili r23s, which shows that
the same is true when M is a plumbing of T ˚Sn’s according to any tree, where n ě 3.
See also r69s, where a relation between the wrapped Fukaya category WpYφ; b0q of some
quasi-projective 3-folds Yφ arising from meromorphic quadratic differentials φ, twisted by
the non-trivial bulk term b0 P H
2pYφ;Z{2q, and the completed Ginzburg algebras arising
from ideal triangulations of marked bordered surfaces is conjectured.
However, it is in general not true that the wrapped Fukaya category of any Weinstein
manifold carries an exact Calabi-Yau structure. The first set of such counterexamples
is found by Davison r21s, who studied the fundamental group algebra Krπ1pQqs of a
Kpπ, 1q space Q, and showed that when Q is a hyperbolic manifold, Krπ1pQqs is not
exact Calabi-Yau. Note that for a closed manifold which is topologically Kpπ, 1q, we
have a quasi-isomorphism WT˚Q :“ CW
˚pT ˚q Q, T
˚
q Qq – Krπ1pQqs between (formal) A8-
algebras r3s.
1.3 Symplectic cohomologies
There is a closed string counterpart of our discussions in Section 1.2. Recall that for a
Liouville manifoldM with c1pMq “ 0, one can define, using a Hamiltonian function which
is quadratic at infinity, the symplectic cohomology SH˚pMq, which carries the structure
of a Z-graded unital algebra over K. There is also an S1-equivariant theory, denoted as
SH˚S1pMq, whose construction uses certain parametrized moduli spaces, will be recalled
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Section 3.1. Analogous to Connes’ long exact sequence (3), SH˚pMq and SH˚S1pMq fit
into the following Gysin type long exact sequence r14s:
¨ ¨ ¨ Ñ SH˚´1pMq
I
ÝÑ SH˚´1S1 pMq
S
ÝÑ SH˚`1S1 pMq
B
ÝÑ SH˚pMq Ñ ¨ ¨ ¨ (8)
where the composition B ˝ I gives the BV (Batalin-Vilkovisky) operator ∆ : SH˚pMq Ñ
SH˚´1pMq.
Remark 1.1. Note that in the above, we have used the bold letters I, B and S to denote
the corresponding maps I, B and S in Connes’ long exact sequence (3), in order to
emphasize that we are dealing with closed string invariants. As a convention, we will use
the notations I, B and S for the open string counterparts of the maps I, B and S. In
particular, there is a long exact sequence
¨ ¨ ¨ Ñ HC´˚´1pWpMqq
S
ÝÑ HC´˚`1pWpMqq
B
ÝÑ HH´˚pWpMqq
I
ÝÑ HC´˚pWpMqq Ñ ¨ ¨ ¨ ,
(9)
which is simply (3) applied to the wrapped Fukaya category WpMq.
To relate the two long exact sequences (8) and (9), we implement the cyclic open-closed
string map
rĄOC s : HC˚pWpMqq Ñ SH˚`nS1 pMq (10)
constructed by Ganatra r27s, from which one obtains the following geometric interpreta-
tion of an exact Calabi-Yau structure on WpMq:
Proposition 1.1. Let M be a non-degenerate Liouville manifold, its wrapped Fukaya
category WpMq carries an exact Calabi-Yau structure if and only if the connecting map
B : SH 1S1pMq Ñ SH
0pMq in (8) hits an invertible element h P SH 0pMqˆ.
In the above, the non-degeneracy condition on a Liouville manifold is introduced
by Ganatra in r28s, which ensures that the open-closed map rOC s : HH˚pWpMqq Ñ
SH˚`npMq is an isomorphism. A Liouville manifold M is said to be non-degenerate if
there is a finite collection of Lagrangians tLiu in M such that OC restricted to the full
A8-subcategory LpMq Ă WpMq generated by tLiu hits the identity 1 P SH
0pMq. As
we have seen in Section 1.2, any Weinstein manifold is non-degenerate since one can take
LpMq to be the full A8-subcategory of cocores.
It follows from Proposition 1.1 that an exact Calabi-Yau structure on WpMq of a non-
degenerate Liouville manifold M induces a distinguished cohomology class b˜ P SH 1S1pMq,
which is the preimage of h P SH 0pMqˆ. The class b˜ will be called a cyclic dilation, see
Section 3.3. Our terminology is inspired by the notion of a dilation (or more generally,
a quasi-dilation) introduced by Seidel-Solomon r67s, see also Lectures 18 and 19 of r60s.
Recall that a quasi-dilation is a pair pb, hq P SH 1pMqˆSH 0pMqˆ which satisfies ∆phbq “ h
under the BV operator ∆. Or equivalently, M admits a quasi-dilation if there is a class
b P SH 1pMq whose image under ∆ lies in SH 0pMqˆ. If one can take h “ 1 in the
definition of a quasi-dilation, we say that M admits a dilation. If M admits a quasi-
dilation, then it also admits a cyclic dilation b˜ which arises as the image of b under the
map I : SH 1pMq Ñ SH 1S1pMq. It is then natural to ask whether the converse is true.
We postpone the discussions about whether the cyclic dilation condition is strictly weaker
than the quasi-dilation condition to Section 1.5, and look instead an immediate geometric
implication by assuming the existence of a cyclic dilation.
Let L Ă M be a closed exact Lagrangian submanifold, equipped with a rank 1 lo-
cal system ν so that the isomorphism SH˚pT ˚Lq – H˚pLL; νq holds r2s. There is an
S1-equivariant version of Viterbo functoriality, namely the (S1-equivariant lift of) the
Cieliebak-Latschev map constructed by Cohen-Ganatra r20s
rĂCLs : SH˚S1pMq Ñ HS1n´˚pLL; νq, (11)
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see Section 4.1. Combined with Proposition 1.1, we can reinterpret Davison’s non-
existence result mentioned in Section 1.1 in the following slightly more general form:
Proposition 1.2. Let M be a Liouville manifold which admits a cyclic dilation, then
it does not contain any exact Lagrangian submanifold L Ă M which is hyperbolic and
topologically a Kpπ, 1q space.
Analogous to what Seidel and Solomon have done in the case of dilations and quasi-
dilations r67s, one can use Lefschetz fibrations to produce more examples of Liouville
manifolds which admit cyclic dilations starting from the known ones. More precisely, we
have the following:
Theorem 1.1. Let π : M Ñ C be an exact symplectic Lefschetz fibration with smooth
fiber F , and assume that dimRpF q ą 2. If F admits a cyclic dilation, then the same is
true for the total space M .
Theorem 1.1 will be proved in Section 5.2.
1.4 Categorical dynamics
Given a quiver with potential pQ,wq, one can associate to it twoA8-algebras. One of them
is the (completed) Ginzburg dg algebra GpQ,wq mentioned at the end of Section 1.1, while
the other one, denoted as BpQ,wq, is introduced by Kontsevich-Soibelman r43s. BpQ,wq
is related to GpQ,wq via Koszul duality. More precisely, there are quasi-isomorphisms
BpQ,wq – RHomGpQ,wqpk, kq, pGpQ,wq – RHomBpQ,wqpk, kq, (12)
where k :“
À
iPQ0
Kei is the semisimple ring consisting of multiple copies of K indexed
by the set of vertices Q0. Koszul duality between BpQ,wq and GpQ,wq induces an iso-
morphism between their Hochschild cohomologies:
HH˚pBpQ,wqq – HH˚pGpQ,wqq. (13)
Since BpQ,wq is by definition a cyclic A8-algebra, and GpQ,wq is exact Calabi-Yau, their
Hochschild cohomologies carry naturally induced BV structures, and (13) is a BV algebra
isomorphism.
Let us assume temporarily that the superpotential w is homogeneous and consists only
of cubic terms, which in particular implies the formality of the A8-structure on BpQ,wq,
and work over the ground field K “ C. The graded associative algebra BpQ,wq then
carries a rational C˚-action, which has weight i on the degree i part. According to r62s,
this C˚-action enables us to define a bigraded refinement BpQ,wqperf of the A8-category
BpQ,wqperf of perfect A8-modules over BpQ,wq. The C
˚-action on BpQ,wq induces at
the infinitesimal level a Hochschild cocycle euB P CH
1pBpQ,wqq, which is known as the
Euler vector field. Under the BV operator, euB goes to a non-zero scalar multiple of the
identity. Any object E of BpQ,wqperf which is rigid and simple, i.e. which satisfies
H0phomBpQ,wqperf pE,Eqq – C, H
1phomBpQ,wqperf pE,Eqq – 0, (14)
is C˚-equivariant, and in particular infinitesimally equivariant with respect to euB. For
any two such objects E0 and E1, euB defines an endomorphism ofH
˚phomBpQ,wqperf pE0,E1qq,
from which one recovers the bigraded refinement BpQ,wqperf .
Geometrically, let M be a Weinstein manifold so that its wrapped Fukaya A8-algebra
WM is quasi-isomorphic to some Ginzburg dg algebra GpQ,wq. In particular, M admits
a cyclic dilation. To make our discussions here as simple as possible, assume further that
the Fukaya categories FpMq andWpMq are Koszul dual (in the sense of (259)), so that the
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endomorphism algebra FM of a set of generators in FpMq can be identified with BpQ,wq
(in view of Theorem 4 of r23s, this is automatically satisfied in many cases where the
quasi-isomorphism WM – GpQ,wq holds). With our assumptions, the closed-open string
map
rCOs : SH˚pMq Ñ HH˚pFpMqq (15)
is an isomorphism.
With our previous assumption on the potential w, FM is formal, so the Euler vector
field euB gives rise to a quasi-dilation b P SH
1pMq via the inverse of (15). In other
words, the infinitesimal symmetry b integrates to a dilating C˚-action on the Fukaya
category FpMq in the sense of r58s. For any two closed Lagrangian submanifolds L0, L1 Ă
M which are C˚-equivariant, this enables us to define an endomorphism of their Floer
cohomology algebraHF˚pL0, L1q, which equips HF
˚pL0, L1q with an additional C-grading
by generalized eigenspaces.
More generally, one can start directly with a quasi-dilation b P SH 1pMq, and consider
the infinitesimal deformation of the objects in FpMq along b. For b-equivariant Lagrangian
submanifolds L0, L1, the infinitesimal action of b still defines a derivation on the C-algebra
HF˚pL0, L1q. Note that if b comes from the Euler vector field euB, the additional grading
on HF˚pL0, L1q induced by the action of b is proportional to the original grading on Floer
cohomology.
It is natural to ask whether there is a similar theory after removing the assumption
that FM is formal. Note that as a consequence of non-formality, the aforementioned C
˚-
action on BpQ,wq does not preserve the A8-structure. Even though there might still
be infinitesimal symmetries in SH 1pMq which are not integrable, this is not guaranteed
by our assumptions on M since one can easily find examples for which HH 1pFpMqq “
0. Nevertheless, the non-formality of FM leaves us hope to find (outer) derivations on
H˚pFM q which do not arise from classes in HH
1pFpMqq. This motivates us to make use
of the exact Calabi-Yau structure on GpQ,wq, which gives via Koszul duality a non-trivial
class
“
β˜
‰_
P HC1pFpMqq. Note that when HH 1pFpMqq “ 0, its chain level representative
β˜_ is necessarily a coboundary when considered in the Hochschild complex CH˚pFpMqq.
Here comes the slogan of our theory: it is possible to get non-trivial derivations on
the endomorphism algebras of rigid and simple objects without the help of a (dilating)
noncommutative vector field (e.g. an Euler vector field), since a Hochschild coboundary
could become a non-trivial cocycle when considered in the cyclic cochain complex.
In general, given any Liouville manifoldM with a cyclic dilation b˜ P SH 1S1pMq, and two
Lagrangian submanifolds L0, L1 Ă M which are infinitesimally equivariant with respect
to b˜ (e.g. K-homology spheres), we construct using b˜ and higher order closed-open string
maps an endomorphism
ΦrL0,rL1 : HF˚pL0, L1q Ñ HF˚pL0, L1q. (16)
Taking the Euler characteristic of each generalized eigenspace of ΦrL0,rL1 gives rise to a
refined version of the intersection number between L0 and L1, which is called the q-
intersection number, and is denoted by L0 ‚q L1. Setting q “ 1 recovers the usual topo-
logical intersection number L0 ¨L1. This generalizes the q-intersection number introduced
earlier by Seidel-Solomon r67s in the sense that if b˜ “ Ipbq is the image of a dilation
b P SH 1pMq under the erasing map, then L0 ‚q L1 recovers the q-intersection number in
the sense of Seidel-Solomon.
6
An important feature of q-intersection numbers is that there should exist an infinites-
imally equivariant version of symplectic homology SH inf˚ pMq, which carries the structure
of a Krrqss-module, and a pairing
I inf : SH inf˚ pMq b SH
inf
´2n´˚pMq Ñ Krrqss (17)
of degree 2n, so that each Lagrangian submanifold L ĂM which is infinitesimally equiv-
ariant with respect to b˜ defines a class rrLssinf P SH inf´npMq, and for any two infinitesimally
equivariant Lagrangians L0 and L1, I
inf
`
rrL0ss
inf , rrL1ss
inf
˘
recovers the q-intersection
number L0 ‚q L1. This is conjectured by Seidel (cf. Conjecture 17.10 of r60s) when M
admits a quasi-dilation, and should also be the case for q-intersection numbers arising
from cyclic dilations.
As a corollary of this conjectural picture, a Liouville manifold M carrying a cyclic
dilation cannot possibly contain an infinite number of disjoint Lagrangian spheres. This
is proved by Seidel r59s when SH 1pMq contains a dilation (the argument generalizes
straightforwardly to the case of a quasi-dilation). With our generalized version of the q-
intersection number, we modify Seidel’s argument in Section 4.4 to deduce the following:
Theorem 1.2. Let M be a 2n-dimensional Liouville manifold, where n is odd, and
c1pMq “ 0. Assume that M admits a cyclic dilation b˜ P SH
1
S1pMq. Then there is a
constant N such that the following holds. Suppose that L1, ¨ ¨ ¨ , Lr Ă M is a collection
of closed Lagrangian submanifolds which are K-homology spheres and Spin, and they are
pairwise disjoinable by Hamiltonian isotopies. Then r ď N .
1.5 Trichotomy of affine varieties
The well-known trichotomy of Riemannian manifolds says that positively curved, flat, and
negatively curved manifolds have distinct geometric behaviours. There is an analogy of
this trichotomy in symplectic topology of Liouville manifolds. Geometrically, this can be
understood by studying the existence and abundance of J-holomorphic maps u : S ÑM
with finite energy in the associated Liouville domain M , where S is a genus 0 Riemann
surface with non-empty boundary, see r52s.
For simplicity, we restrict our attention to the case whenM is an n-dimensional smooth
affine variety over C, equipped with the restriction of the constant symplectic form on
the ambient affine space, in which case the aforementioned trichotomy has a numerical
description in terms of the log Kodaira dimension
κpMq P t´8u Y t0, ¨ ¨ ¨ , nu. (18)
This is defined by choosing a compactification X of M so that the divisor D “ XzM
is simple normal crossing, and κpMq is the Kodaira-Iitaka dimension of the line bundle
KX `D over X . We shall be interested here in the cases when κpMq “ ´8, κpMq “ 0
(in which case M is known as log Calabi-Yau); and κpMq “ n (in which case M is called
log general type). These should be thought of as analogues of positively curved, flat and
negatively curved Riemannian manifolds. The existence question of a cyclic dilation (or
equivalently, an exact Calabi-Yau structure on WpMq) can be considered separately in
these three cases.
First, let M be a smooth affine variety with κpMq “ ´8. An important class of
such manifolds is given by the Milnor fibers Ma0,¨¨¨ ,an Ă C
n`1 associated to the Brieskorn
singularities
za11 ` z
a2
2 ` ¨ ¨ ¨ ` z
an`1
n`1 “ 0, (19)
where
řn`1
i“1
1
ai
ą 1. In this paper, we will study the simplest non-trivial case, namely a
Fermat affine cubic 3-fold M3,3,3,3 Ă C
4.
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Theorem 1.3. The manifold M3,3,3,3 admits a cyclic dilation.
This will be proved in Section 5.1 by essentially algebraic arguments. Abstractly, one
should think of Theorem 1.3 as a consequence of the Koszul duality between the compact
and the wrapped Fukaya categories of M3,3,3,3. In fact, we will prove along the way that
the Fukaya A8-algebra of a basis of vanishing cycles FM3,3,3,3 is Koszul dual to the Fukaya
A8-algebra of Lagrangian cocores WM3,3,3,3 , see Proposition 5.5.
Another key point of the proof of Theorem 1.3 is to show that up to quasi-isomorphism,
the wrapped Fukaya A8-algebra ofM3,3,3,3 is concentrated in non-positive degrees, which
is expected to be true for any Ma1,¨¨¨ ,an`1 with
řn`1
i“1
1
ai
ą 1, although the verification is
more involved in general.
Remark 1.2. Since our proof of Theorem 1.3 relies on the results of r23s, it is also
dependent on the Legendrian surgery description of the wrapped Fukaya category due to
Bourgeois-Ekholm-Eliashberg r12s. Details of the proofs of the results sketched in r12, 23s
can be found in the recent work r22s.
Note that if ai ě 3 for all i, then Ma1,¨¨¨ ,an`1 does not admit a quasi-dilation. This is
argued in Example 2.7 of r59s for dilations, and the argument there extends trivially to
the more general case of quasi-dilations (a sketch is given in the proof of Corollary 5.1).
In particular, Theorem 1.3 shows that the existence of a cyclic dilation is strictly weaker
than having a quasi-dilation.
It is proved in r59s that if M Ă Cn`1 is the Milnor fiber associated to an isolated
singularity tppzq “ 0u Ă Cn`1 defined by a polynomial of the form
ppzq “ z21 ` z
2
2 ` z
2
3 ` p˜pz4, ¨ ¨ ¨ , zn`1q, (20)
then M admits a dilation. Combining our Theorems 1.1 and 1.3, this can be generalized
as follows:
Corollary 1.1. Take an affine algebraic hypersurface tppz1, ¨ ¨ ¨ , zn`1q “ 0u Ă C
n`1
which has an isolated singularity at the origin, such that
ppzq “ z31 ` z
3
2 ` z
3
3 ` z
3
4 ` p˜pz5, ¨ ¨ ¨ , zn`1q. (21)
Let M be the Milnor fiber associated to p, then M admits a cyclic dilation.
Second, we consider the case when M is a smooth log Calabi-Yau variety. These
manifolds provide important local examples for testing the validity of mirror symmetry
and have been studied extensively in the existing literature r4, 31, 32, 34, 53s. As an
illustration to the general situation, we consider here the simplest case when dimCpMq “ 2,
and make the following observation:1
Proposition 1.3. Let M be an affine log Calabi-Yau surface with maximal boundary,
then M admits a cyclic dilation if and only if it admits a quasi-dilation.
Proof. With our assumptions, one can arrange so that the Conley-Zehnder indices of the
periodic orbits are 0, 1 and 2, see for example r32, 53s. In particular, the cochain complex
SC˚pMq defining the symplectic cohomology SH˚pMq is supported in these three degrees.
Thus any cyclic dilation can only come from a cocycle in SC1pMq, see our discussions in
Section 3.3 for details.
We expect the same to be true in higher dimensions, although no insights can be
drawn from the argument above.
1The author thanks Daniel Pomerleano for suggesting this approach to prove Proposition 1.3, which
greatly simplifies the original argument.
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Finally, let us take a look at the case when M is a smooth affine variety of log general
type. To get some concrete examples, one can simply take any Milnor fiber Ma1,¨¨¨ ,an`1
as above, but now with the weight restriction
řn`1
i“1
1
ai
ă 1. In complex dimension 2,
the Milnor fibers associated to Arnold’s 14 exceptional unimodal singularities are affine
surfaces of log general type, since they are complements of ample divisors in K3 surfaces,
see r48s.
Via the Abel-Jacobi map, we can embed a genus two curve Σ2 in its Jacobian variety
JpΣ2q, let M be the complement in JpΣ2q of the image of Σ2. Clearly, M is log general
type. On the other hand, since there is an embedding D˚T 2#D˚T 2 ãÑ M from the
plumbing of two copies of the disc cotangent bundles over T 2 into M as a Liouville
subdomain, there is a genus two exact Lagrangian surface in M . One can therefore use
Proposition 1.2 to conclude that there is no cyclic dilation in SH 1S1pMq. This example can
be generalized to the case when M is the complement of a nearly tropical hypersurface in
the abelian variety pC˚qn{Γ, where Γ Ă Rn is a lattice, see Section 10 of r4s.
It seems that genus two exact Lagrangian surfaces can also be established in the 4-
dimensional Milnor fibers Ma1,a2,a3 with
1
a1
` 1
a2
` 1
a3
ă 1, by imitating the strategy of
Keating in r37s. However, it is not true that hyperbolic exact Lagrangian submanifolds
can always be constructed in varieties of log general type. For instance, this is the case
of the complement M of n` 2 generic hyperplanes in CPn, with n ě 2. These manifolds
are known as higher dimensional pair of pants, and are studied extensively in the context
of mirror symmetry, see for example r46s. Since M is uniruled by pn ` 2q-punctured
holomorphic spheres, similar argument as in the proof of Theorem 1.7.5 of r24s excludes
the existence of hyperbolic Lagrangians in M .
We expect that a smooth affine variety of log general type can never admit a cyclic dila-
tion, and will prove the following general statement in Section 5.3, which is a modification
of Davison’s non-existence theorem in this specific setting:
Theorem 1.4. Let M be a smooth affine variety of log general type which contains an
exact Lagrangian Kpπ, 1q, then it does not admit a cyclic dilation.
However, Theorem 1.4 is not helpful in general as there are many contractible affine
varieties of log general type: one of them is the Ramanujam surface studied in r66s.
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2 Algebraic preliminaries
We summarize in this section some basic algebraic notions and facts that will be used in
this paper. The expositions in Sections 2.2 and 2.3 follow essentially from Sections 2 and
3 of r27s.
2.1 Superpotential algebras
As we have mentioned in Section 1.1, an important class of exact Calabi-Yau algebras
is given by superpotential algebras defined by Ginzburg r33s, whose definition we shall
briefly recall here.
Let A be a finitely generated unital dg algebra over k, denote by Ω1A the A-bimodule
of differential 1-forms on A. A is said to be quasi-free if Ω1A is projective. For example,
any path algebra of a quiver is quasi-free, so is its localization. Assume from now on that
A is quasi-free, define the space of de Rham differential forms
DRkpAq :“ TApΩ
1
Aq{rTApΩ
1
Aq, TApΩ
1
Aqs, (22)
where TApΩ
1
Aq is the tensor algebra of Ω
1
A over A, so in particular DRkpAq carries the
structure of a dg algebra. Denote by DerkpA,Aq the dg vector space of k-linear (su-
per)derivations on A. For a closed 2-form ω P DR2kpAq, we have a map
iω : DerkpA,Aq Ñ DR
1
kpAq (23)
defined by contracting ω with every derivation in DerkpA,Aq. We say that ω is symplectic
if iω is an isomorphism. Let DerkpAq :“ DerkpA,A b Aq be the bimodule of double
derivations of A, analogous to (23) we have a map
ιω : DerkpAq Ñ Ω
1
A. (24)
A symplectic form ω is bisymplectic if ιω is an isomorphism.
Given any a P A and let ω P DR2kpAq be bisymplectic, consider the double derivation
Ha P DerpAq defined by ιHaω “ Da. Using Ha one can define a bracket t¨, ¨u on A by
ta1, a2u “ ˝pHa1pa2qq, (25)
where ˝ : AbAÑ A is the multiplication on A. It can be checked that t¨, ¨u descends to
a Lie bracket on A{rA,As, and it defines an action of A{rA,As on A by derivations.
On the other hand, given θ P DerkpA,Aq, we can define the Lie derivative Lθ on
TApΩ
1
Aq by
Lθpaq “ θpaq, LθpDaq “ Dpθpaqq (26)
for any a P A and Da P Ω1A. Clearly, Lθ descends to a map on the quotient DRkpAq.
Consider the triple pA, ω, θq, where A “ TBpMq is connected and non-positively
graded, with B being a quasi-free associative algebra concentrated in degree 0, and M a
B-module. The 2-form ω P DR2kpAq is a bisymplectic form which is homogeneous with
respect to the grading induced from A, and θ P DerkpA,Aq has cohomological degree 1,
which satisfies Lθω “ 0 and θ
2 “ 0. One can associate to this data a dg algebra Gpω, θq,
called Ginzburg dg algebra, whose underlying graded algebra is given by the free product
A ˚ krts, where |t| “ |ω| ´ 1. The differential d on Gpω, θq is defined by considering the
non-commutative moment map
µnc : DR
2
kpAqcl Ñ A :“ A{k (27)
on the space of closed cyclic 2-forms DR2kpAqcl Ă DR
2
kpAq, which satisfies Dpµncpωqq “
ι∆ω, where ∆ P DerpAq is the double derivation
∆paq “ ab 1´ 1b a. (28)
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Under the assumption that A is connected, µnc lifts to a map
µ˜nc : DR
2
kpAqcl Ñ rA,As. (29)
With the above notations, we have
da “ θpaq, dt “ µ˜ncpωq. (30)
Note that our assumptions on the derivation θ ensures that d2 “ 0, so the dg algebra
Gpω, θq is well-defined.
Definition 2.1. The Ginzburg dg algebra Gpω, θq defined above is a superpotential algebra
if θ “ tw, ¨u, where w P A{rA,As is called the superpotential.
If one takes A above to be the path algebra K rQ of the double rQ of some quiver
Q “ pQ0, Q1q obtained by adding a reverse a
˚ to all the arrows a P Q1 (if a is a cycle of
odd degree, then a˚ “ a), the above construction recovers the Ginzburg dg algebra (or
the dg preprojective algebra, in the terminology of r72s) GpQ,wq associated to the quiver
with potential pQ,wq, which can be defined in a more concrete and elementary way, see
Section 9.3 of r72s.
However, there are also many superpotential algebras which are not of the form
GpQ,wq, a typical example is the fundamental group algebra K
“
π1pT
3q
‰
, see Example
4.3.4 of r21s, and Example 2.1 below.
Example 2.1. Consider the associative algebra Krx, ysrpxy´1q´1s, regarded as a trivially
graded dg algebra with vanishing differential. It is known that this algebra has a superpo-
tential description. In fact, consider the path algebra K rQ1,0,0 of the double of the quiver
Q1,0,0 which consists of a single vertex and a unique cycle x, see Figure 1. Let
A “ Kxx, yyrpxy ´ 1q´1s (31)
be the localization of K rQ1,0,0 at xy ´ 1, where the generator y represents the reverse of
the cycle x in the quiver rQ1,0,0. Since K rQ1,0,0 is quasi-free, so is A. In this way, we have
identified Krx, ysrpxy ´ 1q´1s with the dg algebra pA ˚Krts, dq, so that dx “ dy “ 0 and
dt “ xy ´ yx. The superpotential vanishes for dimension reasons.
1
x
Figure 1: The quiver Q1,0,0
Theorem 2.1 (Theorem 4.3.8 of r21s). Let Gpω, θq be a Ginzburg dg algebra so that ω
has cohomological degree ´n` 2, then Gpω, θq has a smooth n-Calabi-Yau structure which
is exact.
2.2 Complexes with S1-actions
This section follows closely Section 2 of r27s. Let C´˚pS
1q be the dg algebra of chains
on S1, there is a quasi-equivalence of dg algebras C´˚pS
1q – Krts{pt2q, |t| “ ´1. The
following definition is introduced in r14s and r27s.
Definition 2.2 (Definitions 1 and 2 of r27s). An S1-complex, or a chain complex with
an A8 S
1-action, is a strictly unital A8-module P over C´˚pS
1q. Equivalently, it is a
11
graded K-vector space equipped with operations δPj : P Ñ Pr1 ´ 2js, with δ
P
0 :“ d
P being
the differential on P, such that for each k ě 0, the equation
kÿ
j“0
δPj δ
P
k´j “ 0 (32)
holds. If the A8-module P is a dg module, then it is called a strict S
1-complex.
We will abbreviate δPj to δj as long as there is no confusion.
S1-complexes form a dg category C´˚pS
1qumod, whose morphisms we will now recall.
Let A :“ C´˚pS
1q be the quadratic algebra with a degree ´1 generator, denote by ε :
AÑ K the trivial augmentation, and by A :“ kerpεq the augmentation ideal. Let P and
Q be strictly unital A8-modules over A. A unital pre-morphism of degree d from P to Q
is a collection of maps
F d|1 : A
bd
b PÑ Qrk ´ ds (33)
for each d ě 0. Or equivalently, it can be expressed as a set of maps
 
F d
(
, with
F d :“ F d|1pt, ¨ ¨ ¨ , t, ¨q : PÑ Qrk ´ 2ds. (34)
The space of pre-morphisms in each degree form the graded vector space of morphisms be-
tween the objects P and Q in the dg categoryAumod, which will be denoted byRHomS1pP,Qq.
Since Aumod is a dg category, there is a differential B on RHomS1pP,Qq, which is defined
by
pBF qs :“
sÿ
i“0
F i ˝ δPs´i ´ p´1q
degpF q
sÿ
j“0
δQs´j ˝ F
j . (35)
An S1-complex homomorphism is a pre-morphism which is closed under B. A homo-
morphism F : P Ñ Q between S1-complexes is a quasi-isomorphism if the induced map“
F 0
‰
: H˚pPq Ñ H˚`degpF qpQq on cohomologies is an isomorphism.
Let P and Q be S1-complexes, one can define their (derived) tensor product, which is
another S1-complex QbLS1 P. To do this, note that we can view Q as a right A8-module
over A since A is commutative. The chain complex QbLS1 P has underlying vector spaceà
dě0
QbAr1sbd b P, (36)
and the differential acts as
Bpq b tb ¨ ¨ ¨ b tloooomoooon
d
bpq “
dÿ
i“0
¨˝
p´1q|m|δQi pqq b tb ¨ ¨ ¨ b tloooomoooon
d´i
bp` q b tb ¨ ¨ ¨ b tloooomoooon
d´i
bδPi ppq‚˛.
(37)
The tensor product Q bLS1 P is functorial in the sense that if F “
 
F d
(
: P0 Ñ P1 is a
pre-morphism of S1-complexes, then there are induced maps
F# : Qb
L
S1 P0 Ñ Qb
L
S1 P1,#F : P0 b
L
S1 QÑ P1 b
L
S1 Q (38)
given by
F#pq b tb ¨ ¨ ¨ b tloooomoooon
d
bpq “
dÿ
j“0
q b tb ¨ ¨ ¨ b tloooomoooon
d´j
bF jppq (39)
and
#F ppb tb ¨ ¨ ¨ b tloooomoooon
d
bqq “
dÿ
j“0
p´1qdegpF q¨|q|F jppq b tb ¨ ¨ ¨ b tloooomoooon
d´j
bq, (40)
which are chain maps if F is closed.
12
Proposition 2.1 (Proposition 1 of r27s). Let F : P Ñ P1 be a quasi-isomorphism of
S1-complexes, then we have induced quasi-isomorphisms between hom spaces and tensor
products, i.e. we have quasi-isomorphisms
F˝ : RHomS1pP
1,Qq – RHomS1pP,Qq, ˝F : RHomS1pQ,Pq – RHomS1pQ,P
1q, (41)
#F : Qb
L
S1 P – Qb
L
S1 P
1, F# : Pb
L
S1 Q – P
1 bLS1 Q. (42)
Let P and Q be two S1-complexes, and f : P Ñ Q a chain map. We say that a
homomorphism F “
 
F d
(
from P to Q an S1-equivariant enhancement of f if
“
F 0
‰
“ rf s.
In particular, F has degree degpfq.
Finally, we notice that if P and Q are S1-complexes, then their (linear) tensor product
Pb Q can also be equipped with an S1-complex structure with
δPbQk ppb qq :“ p´1q
|q|δPk ppq b q ` pb δ
Q
k pqq. (43)
We call this S1-action on Pb Q the diagonal S1-action.
Definition 2.3 (Definitions 3 and 4 of r27s). The homotopy orbit complex of P is the
derived tensor product
PhS1 :“ Kb
L
S1 P. (44)
The homotopy fixed point complex of P is the chain complex of morphisms
PhS
1
:“ RHomS1pK,Pq. (45)
The Tate complex of P is defined as the localization of PhS
1
at u
PTate :“ PhS
1
bKrus Kru, u
´1s, (46)
where u is a formal variable with |u| “ 2.
Let F : PÑ Q be a homomorphism of S1-complexes, it induces chain maps
FhS
1
: PhS
1
Ñ QhS
1
, FhS1 : PhS1 Ñ QhS1 , F
Tate : PTate Ñ QTate. (47)
When F is a quasi-isomorphism (of S1-complexes), FhS
1
, FhS1 and F
Tate are quasi-
isomorphisms (of chain complexes).
Proposition 2.2 (Proposition 2 of r27s). If F : P Ñ Q is a homomorphism between S1-
complexes, then the various induced maps in (47) intertwine all of the long exact sequences
for equivariant homology groups of P with those for Q.
For instance, we have the Gysin exact triangle
PhS1 Ñ PhS1r2s Ñ P
r1s
ÝÝÑ (48)
Taking P “ CH ˚pAq to be the Hochschild chain complex of some strictly unital A8-
algebra A recovers Connes’ long exact sequence (3). If F : P Ñ Q is an S1-complex
homomorphism, there is a commutative diagram
PhS1 PhS1r2s P
QhS1 QhS1r2s Q
r1s
r1s
(49)
The structure of an S1-complex pP, tδjujě0q admits an alternative description by im-
plementing the u-linear model. Let u be a formal variable of degree 2, consider the
u-adically completed tensor product
Prruss :“ PpbKKrruss (50)
13
in the category of graded vector spaces. An S1-complex can be equivalently formulated
as a graded K-vector space P equipped with a map δeq : P Ñ Prruss of total degree 1
defined by
δeq :“
8ÿ
j“0
δiu
i, (51)
which satisfies δ2eq “ 0. The map δeq is called an equivariant differential, note that it
extends u-linearly to a map Prruss Ñ Prruss, which we will still denote by δeq.
The (positive) S1-equivariant homology, negative S1-equivariant homology and periodic
S1-equivariant homology are defined respectively as homologies of the following complexes:
PhS1 :“ pPppuqq{uPrruss, δeqq , (52)
PhS
1
:“ pPrruss, δeqq , (53)
PTate :“ pPppuqq, δeqq . (54)
2.3 Non-unital Hochschild chain complex
Our exposition here follows Section 3.1 of r27s closely. Let A be an A8-algebra over
some semisimple ring k :“
Àr
i“1Kei. For the usual Hochschild chain complex CH ˚pAq
to be a strict S1-complex in the sense of Definition 2.2, one needs to assume that A is
strictly unital. However, in the geometric context, the Fukaya category is in general only
cohomologically unital, we therefore need a replacement of the usual Hochschild chain
complex, so that it possess the structure of a strict S1-complex and is quasi-isomorphic
to the usual Hochschild complex CH˚pAq. This construction, known as the non-unital
Hochschild chain complex, will be recalled below.
Let A be a cohomologically unital A8-algebra over k. As a graded vector space, the
non-unital Hochschild chain complex consists of two copies of the ordinary Hochschild
chain complex, with the grading of the second copy shifted down by 1, i.e.
CHnu˚ pAq :“ CH˚pAq ‘ CH˚pAqr1s. (55)
With respect to the decomposition (55), elements in the complex CH nu˚ pAq can be written
as αˇ ` βˆ, where αˇ P CH˚pAq and βˆ P CH ˚pAqr1s. As a convention, we will refer to the
left factor in CHnu˚ pAq as the check factor and the right factor in CH
nu
˚ pAq as the hat
factor.
The differential bnu on the complex CHnu˚ pAq can therefore be expressed as a block
matrix
bnu :“
„
b d^_
0 b1

(56)
where b is the usual Hochschild differential on the check factor CH ˚pAq, b
1 is the bar
differential on the hat factor defined by
b1pβˆq “
ÿ
p´1qz
s
1xd b ¨ ¨ ¨ b xs`j`1 b µ
j
A
pxs`j b ¨ ¨ ¨xs`1q b xs b ¨ ¨ ¨ b x1
`
ÿ
p´1qz
d´j
1 µ
j
A
pxd b ¨ ¨ ¨ b xd´j`1q b xd´j b ¨ ¨ ¨ b x1
(57)
where βˆ “ xd b ¨ ¨ ¨ b x1, and d^_ : CH ˚pAqr1s Ñ CH˚pAq is defined by
d^_pβˆq :“ p´1q
z
d
2`||x1||¨z
d
2`1x1 b xd b ¨ ¨ ¨ b x2 ` p´1q
z
d´1
1 xd b ¨ ¨ ¨ b x1. (58)
In the above, we have followed the convention of r56s, in particular the symbol
z
j
i :“
jÿ
k“i
||xk|| (59)
is used to abbreviate the signs, where ||xk|| :“ |xk| ´ 1 is the reduced grading.
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Remark 2.1. The idea of non-unital Hochschild complex also appears in the geometric
context, for example, in the Legendrian surgery description of the symplectic cohomology
r12s.
It follows from Lemma 3 of r27s that the natural inclusion CH˚pAq ãÑ CH
nu
˚ pAq is a
quasi-isomorphism. Associated to CHnu˚ pAq there is a corresponding non-unital version
of the (chain level representative of) Connes’ operator Bnu : CHnu˚ pAq Ñ CH
nu
˚ pAqr1s,
which is defined explicitly by
Bnupxkb¨ ¨ ¨bx1, ylb¨ ¨ ¨by1q :“
ÿ
i
p´1qz
i
1z
k
i`1`||xk||`z
k
1`1p0, xib¨ ¨ ¨bx1bxkb¨ ¨ ¨bxi`1q.
(60)
Note that we can write Bnu “ snuN , where
snupxk b ¨ ¨ ¨ b x1, yl b ¨ ¨ ¨ b y1q :“ p´1q
z
k
1`||xk||`1p0, xk b ¨ ¨ ¨ b x1q, (61)
and
Npxk b ¨ ¨ ¨ b x1q :“ p1` λ` ¨ ¨ ¨ ` λ
k´1qpxk b ¨ ¨ ¨ b x1q (62)
is the norm of the cyclic permutation operator
λpxk b ¨ ¨ ¨ b x1q :“ p´1q
||x1||¨z
k
2`||x1||`||xk||x1 b xk b ¨ ¨ ¨ b x2. (63)
One can verify that pBnuq2 “ 0 and bnuBnu `Bnubnu “ 0, which shows that
Lemma 2.1 (Lemma 4 of r27s). CH nu˚ pAq is a strict S
1-complex.
When A is strictly unital, there is an S1-equivariant enhancement of the natural
inclusion CH ˚pAq ãÑ CH
nu
˚ pAq, which is a quasi-isomorphism of S
1-complexes. Again,
one can package everything in the u-linear model, and define the equivariant differential
on CH nu˚ pAq as
beq :“ b
nu ` uBnu . (64)
The positive, negative and periodic cyclic homologies of a cohomoloically unital A8-
algebra A are then defined respectively as the homologies of the following complexes:
CC˚pAq :“ pCH
nu
˚ pAq bK Kppuqq{uKrruss, beqq , (65)
CC´˚ pAq :“
`
CHnu˚ pAqpbKKrruss, beq˘ , (66)
CC per˚ :“
`
CHnu˚ pAqpbKKppuqq, beq˘ . (67)
3 Parametrized Floer theory
As the general geometric set up of this paper, we assume that pM, θM q is a 2n-dimensional
Liouville manifold. In order to have Z-gradings on various Floer cochain complexes, we
assume that c1pMq “ 0, and will in fact fix the choice of a trivialization of the canonical
bundle KM .
3.1 Equivariant symplectic cohomology
We recall the definition of equivariant symplectic cohomology SH˚S1pMq, whose construc-
tion is sketched in r57s and later carried out in detail in r14s. We will actually follow closely
the general framework of Ganatra r27s, which has the advantage of being coordinate-free.
The idea behind the construction of r27s will also be used in Section 3.2 to define higher
order pair-of-pants products. The construction of SH˚S1pMq is more involved than its
non-equivariant version SH˚pMq in the sense that besides the Floer differential δ0 “ d,
there is now a sequence of higher order corrections δk, k ě 1, whose definitions make
use of parametrized moduli spaces. There is therefore an additional set of moduli spaces,
namely the moduli spaces of domains defining tδkukě1, that enters into our discussions
below.
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Definition 3.1 (Definition 11 of r27s). A k-point angle-decorated cylinder consists of a
cylinder Z “ RˆS1, together with a collection of auxiliary marked points p1, ¨ ¨ ¨ , pk P Z,
such that their s P R coordinates ppiqs, 1 ď i ď k satisfy
pp1qs ď ¨ ¨ ¨ ď ppkqs. (68)
We call these coordinates the heights of the marked points, and denote them by
hi :“ ppiqs, i “ 1, ¨ ¨ ¨ , k. (69)
Similarly, the t P S1 coordinates ppiqt, 1 ď i ď k of the marked points are called angles,
and we introduce the notations
θi :“ ppiqt, i “ 1, ¨ ¨ ¨ , k. (70)
Denote by Mk the moduli space of k-point angle-decorated cylinders, modulo transla-
tion in the s-direction. Given a marked cylinder pZ, p1, ¨ ¨ ¨ , pkq representing an element
of Mk. For a fixed constant ξ ą 0, define positive and negative cylindrical ends
ε` : r0,8q ˆ S1 Ñ Z and ε´ : p´8, 0s ˆ S1 Ñ Z (71)
by
ε`ps, tq “ ps` hk ` ξ, tq and ε
´ps, tq “ ps` h1 ´ ξ, t` θ1q (72)
respectively.
Mk can be compactified to a manifold with corners Mk by adding broken k-point
angle-decorated cylinders, namely
Mk “
ğ
s
ğ
j1,¨¨¨ ,js;jią0,
ř
ji“k
Mj1 ˆ ¨ ¨ ¨ ˆMjs . (73)
The codimension 1 boundary of Mk is covered by the images of the natural inclusions
Mk´j ˆMj ãÑ BMk, 0 ă j ă k; (74)
M
i,i`1
k ãÑ BMk, (75)
where M
i,i`1
k is the compactification of the locus where hi “ hi`1. On M
i,i`1
k there is a
forgetful map
πi : M
i,i`1
k ÑMk´1 (76)
which remembers only the first one of the angles of the interior marked points with
coincident heights. Since πi is compatible with the choices of cylindrical ends ε
˘ specified
by (71), it extends to a map π¯i : M
i,i`1
k ÑMk´1 defined on the compactifications.
In order to write down the Floer equations, we need to introduce Floer data on the
domain cylinders. To do this, one needs to specify the sets of Hamiltonian functions
and almost complex structures to work with. We say that a time-dependent Hamiltonian
Ht : S
1 ˆM Ñ R is admissible if Ht “ H `Ft is the sum of an autonomous Hamiltonian
H :M Ñ R which is quadratic at infinity, namely
Hpr, yq “ r2 (77)
on the cylindrical end MzM “ p1,8q ˆ BM , where r P p1,8q is the radial coordinate,
and a time-dependent perturbation Ft : S
1ˆM Ñ R. We require that on MzM , we have
that for any r0 " 0, there exists an r ą r0 such that Ft vanishes in a neighborhood of the
hypersurface tru ˆ BM Ă M . For instance, one can take Ft to be a function supported
near non-constant orbits of XH , where it is modelled on a Morse function on S
1.
16
Denote by HpMq the set of admissible Hamiltonians Ht on M such that all 1-periodic
orbits of the Hamiltonian vector field XHt are non-degenerate, and write OM for the set
of 1-periodic orbits of XHt . For an orbit y P OM , we define its degree to be degpyq :“
n´CZ pyq, where CZ pyq is the Conley-Zehnder index of y. With these data one can define
a Z-graded Floer cochain complex of Ht, which is called the symplectic cochain complex,
and will be denoted by SC˚pMq, whose degree i piece is given by
SC ipMq :“
à
yPOM ,degpxq“i
|oy|K, (78)
where |oy|K is the K-normalization of the orientation line oy defined via index theory.
Remark 3.1. For convenience, we will often choose generators of the orientation lines oy
associated to each Hamiltonian orbit and denote them by y in a slight abuse of notation.
The same convention applies to orientation lines associated Hamiltonian chords when
dealing with open-string invariants.
Let JpMq be the set of dθM -compatible t-dependent alsmost complex structures on
M which are of contact type on the conical end, i.e. Jt becomes time-independent and
satisfies dr ˝ Jt “ ´θ for r " 1. The usual Floer differential d : SC
˚pMq Ñ SC˚`1pMq
is defined by counting rigid Jt-holomorphic cylinders u : Z Ñ M with asymptotics at
Hamiltonian orbits y`, y´ P OM , which can be regarded as the special case k “ 0 of the
operations δk on the complex SC
˚pMq defined below.
Definition 3.2 (Definition 13 of r27s). A Floer datum for a k-point angle-decorated
cylinder pZ, p1, ¨ ¨ ¨ , pkq consists of the following:
• the choices of positive and negative cylindrical ends for Z, as in (71);
• a 1-form αZ “ dt on Z;
• a surface-dependent Hamiltonian function HZ : Z Ñ HpMq which satisfies
pε˘q˚HZ “ Ht, (79)
where Ht P HpMq is some fixed choice of an admissible Hamiltonian;
• a surface-dependent almost complex structure JZ : Z Ñ JpMq such that
pε˘q˚JZ “ Jt (80)
for some fixed choice of Jt P JpMq.
Universal and consistent choices of Floer data over the compactified moduli spaces
Mk for all k ě 1 can be constructed in an inductive way. In our specific situation, this
means that (cf. Definition 14 of r27s)
• At the boundary strata (74), the choices of Floer data should coincide with the
product of the Floer data chosen on lower dimensional moduli spaces. Moreover,
the choices vary smoothly with respect to the gluing charts.
• At a boundary stratum of the form (75), the Floer datum chosen for a representative
pZ, p1, ¨ ¨ ¨ , pkq of an element of M
i,i`1
k coincides with the one pulled back from the
corresponding element ofMk´1 via the forgetful map π¯i up to conformal equivalence.
Here we say that two Floer data F1 “ pε
˘
1 , αZ,1, HZ,1, JZ,1q and F2 “ pε
˘
2 , αZ,2, HZ,2, JZ,2q
for pZ, p1, ¨ ¨ ¨ , pkq are conformally equivalent if the choices of strip like ends ε
˘
1 and ε
˘
2
coincide, and for some constant c ą 0, Ht,1 “
Ht,2
c
˝ ψc and Jt,1 “ pψ
cq
˚
Jt,2 hold on the
cylindrical ends, with ψc being the time-c Liouville flow, see Definition 9 of r27s.
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Fix a universal and consistent choice of Floer data for pZ, p1, ¨ ¨ ¨ , pkq P Mk. For
any pair of orbits y`, y´ P OM and any integer k ě 1, we introduce the moduli space
Mkpy
`; y´q of pairs
ppZ, p1, ¨ ¨ ¨ , pkq, uq , (81)
where pZ, p1, ¨ ¨ ¨ , pkq PMk and u : Z ÑM is a map which satisfies Floer’s equation
pdu ´XHZ b dtq
0,1
“ 0, (82)
where the p0, 1q-part is taken with respect to the domain-dependent almost complex struc-
ture JZ chosen above as part of our Floer data, together with the asymptotic conditions
lim
sÑ˘8
pε˘q˚ups, ¨q “ y˘. (83)
The boundary of the Gromov compactification Mkpy
`; y´q is covered by the images of
the natural inclusions
Mjpy; y
´q ˆMk´jpy
`; yq ãÑ BMkpy
`; y´q, (84)
M
i,i`1
k py
`; y´q ãÑ BMkpy
`; y´q, (85)
which come from the boundary strata ofMk, along with the boundary components coming
from the usual semi-stable strip breaking
Mkpy; y
´q ˆMpy`; yq ãÑ BMkpy
`; y´q, (86)
Mpy; y´q ˆMkpy
`; yq ãÑ BMkpy
`; y´q. (87)
For generic choices of Floer data, the moduli spaces Mkpy
`; y´q are compact manifolds-
with-corners of dimension
degpy`q ´ degpy´q ` 2k ´ 1. (88)
Let ppZ, p1, ¨ ¨ ¨ , pkq, uq be a rigid element ofMkpy
`; y´q, namely when degpy`q “ degpy´q´
2k ` 1, there are natural isomorphisms
µu : oy´ Ñ oy` (89)
between the orientation lines defined via index theory. One defines the operation
δk : SC
˚pMq Ñ SC˚´2k`1pMq (90)
by a signed count of rigid elements of the moduli spaces Mkpy
`; y´q for varying asymp-
totics y` and y´. Our choices of Floer data ensures that the elements of M
i,i`1
k py
`, y´q
are never rigid, from which the identity
kÿ
i“0
δiδk´i “ 0 (91)
follows, see Lemma 10 of r27s for details. This shows that
`
SC˚pMq, tδkukě0
˘
is an
S1-complex (usually not strict) in the sense of Definition 2.2.
As in (50), the S1-equivariant symplectic cohomology SH˚S1pMq is defined to be the
cohomology of the complex`
SC˚pMq bK Kppuqq{uKrruss, δeq
˘
, (92)
where δeq :“
ř8
k“0 δku
k and u is a formal variable of degree 2.
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One can replace the autonomous Hamiltonian H in the above construction (which is
quadratic on the conical end) with a Hamiltonian which is linear at infinity, i.e.
Hλpr, yq “ λr ` C (93)
onMzM , where λ P R and C is some constant, and consider its time-dependent perturba-
tion Hλ,t “ Hλ`Fλ,t as above, so that all the time-1 orbits of XHλ,t are non-degenerate.
The space of such Hamiltonians Hλ,t : S
1 ˆM Ñ R with varying λ will be denoted by
HℓpMq, which contains HλpMq, the space of Hamiltonians with fixed slope λ at infinity,
as a subset, i.e.
HℓpMq “
ď
λPR
HλpMq. (94)
We also require that λ R PM , where PM Ă R is the collection of those λ such that the
set of 1-periodic orbits OM,λ of XHλ,t is not contained in any compact subset of M . This
gives rise to the S1-equivariant Floer cochain complex
CF˚S1pλq :“
`
CF˚pλq bK Kppuqq{uKrruss, δeq
˘
, (95)
where CF˚pλq is the Hamiltonian Floer complex of Hλ,t. The cohomology of (95) will
be denoted by HF˚S1pλq. For λ1 ă λ2, one can build equivariant continuation maps (by
counting k-point angle decorated cylinders with different Floer data on its ends)
κeq :“
8ÿ
k“0
κku
k : CF˚S1pλ1q Ñ CF
˚
S1pλ2q, (96)
which are S1-complex homomorphisms relating different equivariant Floer complexes.
Passing to the direct limit yields an alternative definition of the equivariant symplectic
cohomology
SH˚S1pMq :“ limÝÑλ
HF˚S1pλq. (97)
This approach of defining SH˚S1pMq is carried out in detail in r14s. Note that for the
purpose of defining SH˚S1pMq, one can assume that λ ą 0. However, the flexibility of
allowing negative λ will be convenient for our later purposes, see Section 4.4.
Back to our previous set up. Choosing Ht P HpMq to be a C
2-small and time-
independent Morse function in the interiorM in ofM , we get a copy of the Morse complex
CM˚pHtq as a subcomplex of SC
˚pMq. When passing to cohomology, this induces the
classical PSS map
PSS : H˚pM ;Kq Ñ SH˚pMq. (98)
Since the S1-action on the symplectic cochain complex SC˚pMq comes from reparametriz-
ing the Hamiltonian orbits, one may expect that it becomes trivial when restricted to the
subcomplex CM˚pHtq, i.e. all the operations δk, k ě 1 should vanish. This is indeed
the case with appropriate choices of Floer data over the moduli spaces Mk. As a con-
sequence, the natural inclusion CM˚pHtq ãÑ SC
˚pMq is an S1-complex homomorphism,
which induces the S1-equivariant PSS map
ĆPSS : H˚pM ;Kppuqq{uKrrussq Ñ SH˚S1pMq (99)
after passing to cohomologies.
One can also use a Hλ,t P HλpMq which is C
2-small and Morse in M in in the above,
which will then give rise to maps
PSSλ : H
˚pM ;Kq Ñ HF˚pλq, (100)
ĆPSSλ : H˚pM ;Kppuqq{uKrrussq Ñ HF˚S1pλq. (101)
The maps (98) and (99) can then be thought of as (100) and (101) composed with the
continuation maps and equivariant continuation maps respectively.
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3.2 Equivariant pair-of-pants product
The title of this subsection may be a little bit misleading as we will always define our
operations on ordinary Floer cochain complexes instead of endeavouring to get a chain
map which, after passing to cohomology, operates on or takes its value in the equivariant
Floer cohomology. However, the construction here is motivated by the equivariant pair-
of-pants product introduced in an earlier paper by Seidel r63s. Let φ : M Ñ M be
a graded, exact symplectic automorphism, one can associate to it a fixed point Floer
cochain complex CF˚pφq. Seidel constructs in r63s a chain map
!eq: C
˚pZ{2;CF˚pφq b CF˚pφqq Ñ CF˚eqpφ
2q (102)
from the chain complex of the group cohomology of Z{2 with coefficients in CF˚pφq b
CF˚pφq to the Z{2-equivariant Floer cochain complex. As the equivariant differential δeq,
the definition of !eq involves an infinite sequence of maps t!kukě0, with !“!0 being
the usual pair-of-pants product. Here we need a slight variant of his construction for
S1-equivariant Hamiltonian Floer cohomologies. In fact, for each k ě 1, we will construct
two (different, but related by Poincare´ duality) operations!k and!
k, with the first one
being completely analogous to Seidel’s original construction, while the second one differs
slightly from !k in the sense that one of the inputs, instead of the output, takes values
in the equivariant Floer cochain complex.
Let k ě 1 be an integer, we first define the operation !k. As in the definition of the
equivariant differential recalled in Section 3.1, it is more convenient for our later purposes
to carry out our constructions in a coordinate-free way. Let S “ S2ztζin,0, ζin,1, ζoutu be
a 3-punctured sphere, with two of the punctures ζin,0 and ζin,1 serving as inputs and the
remaining one ζout is an output. For the purpose of developing a parametrized theory,
we also need to introduce k auxiliary marked points p1, ¨ ¨ ¨ , pk P S. For convenience, we
shall consider a representative pS, p1, ¨ ¨ ¨ , pkq of such a marked surface so that the three
punctures ζin,0 ζin,1 and ζout are equidistributed along the equator of the sphere, with
the point ζin,1 fixed at 0. Moreover, we require that the marked points tp1, ¨ ¨ ¨ , pku lie in
a small neighborhood of ζin,1 and they should be strictly radially ordered, i.e.
0 ă |p1| ă ¨ ¨ ¨ ă |pk| ă
1
2
(103)
with respect to the standard complex coordinate near 0 P CP1. Denote by Pk the moduli
space of these punctured surfaces with k marked points.
For any representative pS, p1, ¨ ¨ ¨ , pkq of an element of P
k, we fix cylindrical ends
ε`0 , ε
`
1 : r0,8qˆ S
1 Ñ S, ε´ : p´8, 0s ˆ S1 Ñ S (104)
with coordinates ps, tq P R˘ ˆ S
1, where ε`0 and ε
`
1 are positive cylindrical ends at ζin,0
and ζin,1 respectively, and ε
´ is a negative cylindrical end at ζout. The choices are made
here so that none of the cylindrical ends ε`0 and ε
´ contain any of the auxiliary marked
points tpiu1ďiďk, and ε
`
1 is chosen so that the positive s-direction is given by θ1 “ argpp1q,
where again the argument is taken with respect to the local complex coordinate near the
origin. Note that choosing cylindrical ends is equivalent to putting asymptotic markers
ℓin,0, ℓin,1 and ℓout at the punctures ζin,0, ζin,1 and ζout. These are half-lines in the real
projectivized tangent spaces PTζin,0S
2, PTζin,1S
2 and PTζoutS
2. In our situation, ℓin,0 and
ℓout are fixed, pointing respectively to the s-directions of ε
`
0 and ε
´, while ℓout is allowed
to vary freely, since it is required to point towards p1. To fix conventions more precisely,
we shall require that ℓin,0 points towards ζout, and ℓout points away from ζin,0. We say
that the choices of cylindrical ends ε`0 , ε
`
1 and ε
´ are compatible with the asymptotic
markers in the sense that the positive (resp. negative) s-directions coincide with the
directions of ℓin,0 and ℓin,1 (resp. ℓout), i.e.
lim
sÑ8
ε`0 ps, 1q “ ℓin,0, lim
sÑ8
ε`1 ps, 1q “ ℓin,1, (105)
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lim
sÑ´8
ε´ps, 1q “ ℓout. (106)
Fix k ě 1, the codimension 1 boundary strata of the Deligne-Mumford compactification
P
k
is covered by the images of the natural inclusions of the following strata:
Mk´j ˆ P
j
, 0 ă j ď k, (107)
P
k
i,i`1, 1 ď i ď k ´ 1, (108)
P
k´1
S1 , (109)
where the strata in (108) are the loci where |pi| “ |pi`1| for some i, and the stratum (109)
is the locus where |pk| “
1
2
. Abstractly, the moduli space Pk´1
S1
can be identified with
S1 ˆ Pk´1, so its compactification is given by S1 ˆ P
k´1
.
Analogous to (76), there is a forgetful map
πi : P
k
i,i`1 Ñ P
k´1 (110)
for each 1 ď i ď k´1 which forgets the auxiliary marked point pi`1. Since πi is compatible
with our choices of the cylindrical ends, it extends as a map π¯i : P
k
i,i`1 Ñ P
k´1
on the
compactifications.
One can also consider the map
πS1 : P
k´1
S1
Ñ Pk´1 (111)
which forgets the marked point pk. Under the identification P
k´1
S1
– S1ˆPk´1, πS1 is the
natural projection to the second factor. However, since πS1 is not compatible with the
cylindrical end ε`1 , the identification fails when taking into account the choices of Floer
data. Let Pk´1
S1,θ
Ă Pk´1
S1
be the subset with argppkq “ θ, then there is an identification
ιθ : P
k´1
S1,θ
Ñ Pk´1. (112)
When k “ 1, ιθ is given by rotating the asymptotic marker ℓout anticlockwisely by an angle
of θ. It is clear that ιθ extends to an identification ι¯θ : P
k
S1,θ Ñ P
k´1
of the compactified
moduli spaces.
In order to write down the appropriate Floer equations, we need to specify our choices
of Floer data on the domains. For our purposes, we shall work with linear Hamiltonians
in this section instead of quadratic ones.
Definition 3.3. A Floer datum for a representative pS, p1, ¨ ¨ ¨ , pkq of an element of P
k
consists of the following choices:
• cylindrical ends ε`0 , ε
`
1 and ε
´ which are compatible with the asymptotic markers
ℓin,0, ℓin,1 and ℓout;
• real numbers λ0 and λ1 associated to the cylindrical ends ε
`
0 and ε
`
1 respectively,
such that λ0, λ1, λ0 ` λ1 R PM ;
• a sub-closed 1-form νS P Ω
1pSq which pulls back to λ0dt, λ1dt and pλ0 ` λ1qdt via
the maps ε`0 , ε
`
1 and ε
´ respectively;
• a surface-dependent Hamiltonian HS : S Ñ HℓpMq which is compatible with the
cylindrical ends, in the sense that
pε`0 q
˚HS “ Hλ0,t, pε
`
1 q
˚HS “ Hλ1,t, pε
´q˚HS “ Hλ0`λ1,t (113)
for some fixed choices of Hamiltonians Hλ0,t P Hλ0pMq, Hλ1,t P Hλ1pMq, and
Hλ0`λ1,t P Hλ0`λ1pMq;
21
• a surface-dependent almost complex structure JS : S Ñ JpMq which is compatible
with the cylindrical ends, meaning that
pε`0 q
˚JS “ pε
`
1 q
˚JS “ pε
´q˚JS “ Jt (114)
for some fixed Jt P JpMq.
Definition 3.4. A universal and consistent choice of Floer data for the operations t!ku is
an inductive choice of Floer datum for each k ě 1 and each marked surface pS, p1, ¨ ¨ ¨ , pkq
representing a point of P
k
, varying smoothly in pS, p1, ¨ ¨ ¨ , pkq, such that the following
conditions are satisfied at the boundary strata:
• Along the boundary strata (107), the Floer data should be chosen to agree with the
product of Floer data chosen previously on lower-dimensional spaces up to conformal
equivalence. Moreover, the choices vary smoothly with respect to the gluing charts.
• Along the boundary strata (108), the Floer data are conformally equivalent to the
ones pulled back from P
k´1
via the forgetful map π¯i.
• Along the boundary stratum (109), the Floer data on the slice P
k´1
S1,θ Ă P
k´1
S1 are
conformally equivalent to the ones pulled back from P
k´1
via the identification ι¯θ.
In the above, the conformal equivalence of Floer data is defined similarly as be-
fore. More precisely, given two Floer data Fi “
`
ε`0,i, ε
`
1,i, αS,i, HS,i, JS,i
˘
, i “ 1, 2 for
pS, p1, ¨ ¨ ¨ , pkq, we say that they are conformally equivalent if the choices of cylindri-
cal ends coincide, and there is a constant c ą 0 such that Hλ,t,1 “
Hλ,t,2
c
˝ ψc and
Jt,1 “ pψ
cq
˚
Jt,2 on the cylindrical ends, where the value λ is determined by the corre-
sponding cylindrical end, namely λ “ λ0 for ε
`
0 , λ “ λ1 for ε
`
1 , and λ “ λ0 ` λ1 for
ε´.
Inductively, since the space of choices of Floer data at each level is non-empty and
contractible, universal and consistent choices of Floer data exist. From now on, fix such
a choice. For every k ě 1, and Hamiltonian orbits y`0 P OM,λ0 , y
`
1 P OM,λ1 and y
´ P
OM,λ0`λ1 , we can define the moduli space P
kpy`0 , y
`
1 ; y
´q of pairs
ppS, p1, ¨ ¨ ¨ , pkq, uq , (115)
where pS, p1, ¨ ¨ ¨ , pkq P P
k, and u : S ÑM is a map satisfying the Floer equation
pdu´XHS b νSq
0,1
“ 0 (116)
with respect to the domain-dependent almost complex structure JS , which has been fixed
as part of the Floer datum for pS, p1, ¨ ¨ ¨ , pkq, together with asymptotic conditions
lim
sÑ`8
pε`0 q
˚ups, ¨q “ y`0 , lim
sÑ`8
pε`1 q
˚ups, ¨q “ y`1 , (117)
lim
sÑ´8
pε´q˚ups, ¨q “ y´. (118)
The moduli space Pkpy`0 , y
`
1 ; y
´q admits a well-defined Gromov bordification P
k
py`0 , y
`
1 ; y
´q,
whose boundary BP
k
py`0 , y
`
1 ; y
´q is covered by the inclusions of the following strata:
Mjpy
`
1 ; yq ˆ P
k´j
py`0 , y; y
´q, 1 ď j ď k, (119)
Mpy`1 ; yq ˆ P
k
py`0 , y; y
´q, (120)
Mpy`0 ; yq ˆ P
k
py, y`1 ; y
´q, (121)
P
k
py`0 , y
`
1 ; yq ˆMpy; y
´q, (122)
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P
k
i,i`1py
`
0 , y
`
1 ; y
´q, (123)
P
k´1
S1 py
`
0 , y
`
1 ; y
´q, (124)
where the boundary strata (120), (121) and (122) come from the semi-stable breaking,
and the strata (119), (123), and (124) correspond to the boundary strata (107), (108) and
(109) of BP
k
respectively.
For generic choices of Floer data, the moduli space P
k
py`0 , y
`
1 ; y
´q is a compact man-
ifold with corners of dimension
degpy´q ´ degpy`0 q ´ degpy
`
1 q ` 2k. (125)
Every rigid element of P
k
py`0 , y
`
1 ; y
´q gives rise to an isomorphism
µu : oy`
1
b o
y
`
0
Ñ oy´ (126)
of orientation lines. Define the operation
!
k: CF˚`2kpλ1q b CF
˚pλ0q Ñ CF
˚pλ0 ` λ1q (127)
by
y`1 !
k y`0 “
ÿ
|y´|“|y`
0
|`|y`
1
|´2k
ÿ
ppS,p1,¨¨¨ ,pkq,uqPP
k
py`
0
,y
`
1
;y´q
p´1q|y
`
0
|`|y`
1
|µu, (128)
where the notational convention of Remark 3.1 has been applied, and we have used the
abbreviation | ¨ | for degp¨q. The most important property of the operations t!kukě0 is
the following:
Proposition 3.1. As chain level operations,
kÿ
j“0
δjpy
`
1 q!
k´j y`0 “ d
`
y`1 !
k y`0
˘
´ p´1q|y
`
1
|y`1 !
k dy`0 . (129)
Proof. The universal and consistency condition for our choices of Floer data over the
moduli spaces
!
P
k
)
kě1
implies that the Floer data chosen for elements pS, p1, ¨ ¨ ¨ , pkq P
P
k
i,i`1 depend only on their images under π¯i. Since the forgetful map π¯i has 1-dimensional
fibers, given a representative ppS, p1, ¨ ¨ ¨ , pkq, uq of an element of P
k
i,i`1py
`
0 , y
`
1 ; y
´q, any
other point pS1, p11, ¨ ¨ ¨ , p
1
kq P P
k
i,i`1 in the same fiber as pS, p1, ¨ ¨ ¨ , pkq defines another
representative ppS1, p1, ¨ ¨ ¨ , p
1
kq, uq of an element of P
k
i,i`1py
`
0 , y
`
1 ; y
´q. This shows that
the elements of the moduli space P
k
i,i`1py
`
0 , y
`
1 ; y
´q are never rigid.
The case of the stratum P
k´1
S1 py
`
0 , y
`
1 ; y
´q can be treated similarly. Since the Hamil-
tonian HS and the almost complex structure JS chosen as part of our Floer data are
domain-dependent only away from the cylindrical ends fixed for pS, p1, ¨ ¨ ¨ , pkq P P
k´1
S1
,
one can use the same perturbation data pHS , JSq to achieve the transversality of the
moduli spaces P
k´1
S1,θ for all θ P S
1, which implies that the parametrized moduli space
P
k´1
S1 py
`
0 , y
`
1 ; y
´q is smoothly fibered over the circle, hence contains no isolated points.
Thus we only need to consider the boundary strata (119), (120), (121) and (122).
Standard breaking analysis then implies (129).
Remark 3.2. (129) is analogous to the chain map property of Seidel’s equivariant pair-
of-pants product (102), compare with the equation (4.100) of r63s, although the situation
here is much simpler. As we are dealing with the S1-equivariant case, the argument above
enables us to get rid of the contributions of the strata (123) and (124).
23
The construction of the map
!k: CF
˚pλ0q b CF
˚pλ1q Ñ CF
˚´2kpλ0 ` λ1q (130)
is completely parallel to that of!k, except that now the auxiliary marked points p1, ¨ ¨ ¨ , pk P
S lie in a small neighborhood of ζout. If we choose the representative pS, p1, ¨ ¨ ¨ , pkq of the
marked punctured sphere so that the three punctures are equidistributed on the equator,
with ζout fixed at 0, then the positions of the pi’s still satisfy the radial constraint (103).
Since there are no auxiliary marked points near the inputs ζin,0 and ζin,1, in order to
remember their order, we will want to equip ζin,0 and ζin,1 with the asymptotic markers
ℓin,0 and ℓin,1, so that ℓin,0 points towards ζin,1, and ℓin,1 points towards ζout . As be-
fore, there is also an asymptotic marker ℓout at ζout pointing towards p1. The leftmost
picture of Figure 2 describes the situation when k “ 3. In this case, the moduli space of
domains pS, p1, ¨ ¨ ¨ , pkq will be denoted by Pk. The boundary components in the Deligne-
Mumford compactification Pk admit similar descriptions as in (107) to (109), except that
pk ´ jq-point angle decorated cylinders will now bubble off at ζout , where 0 ď j ď k ´ 1.
The definition of universal and consistent Floer data for the moduli spaces
 
Pk
(
kě1
is analogous to that of P
k
, see Definitions 3.3 and 3.4, details will therefore be omitted.
Fix a universal and consistent choice of Floer data for the operations t!ku. For
Hamiltonian orbits y`0 P OM,λ0 , y
`
1 P OM,λ1 and y
´ P OM,λ0`λ1 , the coefficient of y
´ in
the k-th order product y`1 !k y
`
0 is defined by a signed count of rigid elements in the
compactified moduli space Pkpy
`
0 , y
`
1 ; y
´q, which parametrizes pairs ppS, p1, ¨ ¨ ¨ , pkq, uq,
where pS, p1, ¨ ¨ ¨ , pkq P Pk and u : S ÑM solves the Floer equation pdu´XHS b νSq
0,1
“
0 for a regular JS : S Ñ JpMq with asymptotic conditions specified by y
`
0 , y
`
1 and y
´ at
the corresponding punctures.
There is also an analogy of (129) for the operation !k, which follows from a similar
analysis of the boundary strata of Pkpy
`
0 , y
`
1 ; y
´q as in the proof of Proposition 3.1, but
we will not to spell out the details as it can be better understood via the relationship
between the operations !k and !k, which we now explain.
Fix any λ ą 0 with λ R PM . Given a time-dependent Hamiltonian Hλ,t P HλpMq, one
can choose a time-dependent perturbation Jλ,t of the almost complex structure so that
the Floer cochain complex CF˚pλq is well-defined. If we reverse the sign of λ, the choices
of perturbation data can be coordinated so that
pH´λ,t, J´λ,tq “ p´Hλ,´t, Jλ,´tq (131)
It follows that there is a canonical nondegenerate pairing
x¨, ¨y : CF˚pλq b CF2n´˚p´λq Ñ K, (132)
which gives chain level realizations of the Poincare´ duality isomorphism on Floer coho-
mologies.
Similarly, the choices of Floer data can be arranged so that the symmetric property
of the usual pair-of-pants product ! with respect to the above pairing is realized on the
chain level. More precisely, one can achieve that@
y`2 , y
`
1 ! y
`
0
D
“ p´1q|y
`
2
|
@
y`1 , y
`
0 ! y
`
2
D
“ p´1q|y
`
0
|
@
y`0 ! y
`
2 , y
`
1
D
, (133)
for y`0 P CF
˚pλ0q, y
`
1 P CF
˚pλ1q, y
`
2 P CF
˚p´λ0 ´ λ1q. When k ą 0, the analogue of
(133) is the following:@
y`2 , y
`
1 !k y
`
0
D
“ p´1q|y
`
2
|
@
y`1 , y
`
0 !
k y`2
D
“ p´1q|y
`
0
|
@
y`0 !
k y`2 , y
`
1
D
. (134)
Given a family of Riemann surfaces pSrq parametrized by r P r0, πs, so that each
Sr is a sphere with three fixed punctures ζin,0, ζin,1 and ζout equidistributed along the
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r “ 0 r “ π
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ˆ
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ˆ ˆ
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Figure 2: By fixing the points p1, p2, p3, we get a slice of the moduli space Pr,3
equator. As above, these punctures are equipped with asymptotic markers ℓin,0, ℓin,1 and
ℓout. When r “ 0, ℓin,0 points towards ζout, ℓin,1 points away from ζout, and ℓout points
towards ζin,1. As r varies from 0 to π, all of the asymptotic markers perform a half-turn:
anticlockwise for the output, and clockwise for the inputs. These are domains defining
the operation
˚ : CF˚pλ1q b CF
˚pλ0q Ñ CF
˚´1pλ0 ` λ1q. (135)
By symmetrizing it, one gets the familiar Lie bracket r¨, ¨s on Hamiltonian Floer coho-
mologies, which, after passing to direct limit, equips SH˚pMq with the structure of a
Gerstenhaber algebra.
For our later purposes, we shall also need higher order analogues ˚k, k ě 1 of the
operation ˚. To do this, one considers the domains pSr, p1, ¨ ¨ ¨ , pkq, the family of punc-
tured spheres pSrq together with k auxiliary marked points p1, ¨ ¨ ¨ , pk lying in a small
neighborhood of ζout. If we fix ζout at the origin, these points should be strictly radially
ordered as in (103). Moreover, when r goes from 0 to π, the asymptotic markers ℓin,0 and
ℓin,1 will be required to rotate clockwisely by an angle of π, while ℓout is required to point
towards p1, so it is free to vary. Figure 2 describes the family of domains defining ˚3 with
the positions of the marked points p1, p2, p3 being fixed. If we allow the marked points
p1, ¨ ¨ ¨ , pk to vary under the constraint (103), we will get a p2k` 1q-dimensional family of
marked surfaces, which fibers over r0, πs, and whose fiber can be identified topologically
with Rk ˆ T k.
For a fixed r P r0, πs, the moduli space of marked surfaces pSr, p1, ¨ ¨ ¨ , pkq will be
denoted by Pr,k. The choice of Floer data on its Deligne-Mumford compactification Pr,k
will be essentially the same as that on Pk, with the only exception that the choices of
the cylindrical ends ε`r,0 and ε
`
r,1 will need to vary with the asymptotic markers ℓin,0 and
ℓin,1. Moreover, in order for our Floer data to be consistent with respect to the parameter
r P r0, πs, we need to impose further restrictions.
Assumption 3.1. We choose the Floer data on Pr,k so that for any representative of an
element pS0, p1, ¨ ¨ ¨ , pkq P P0,k, the Floer datum coincides with the one obtained by pulling
back of that on pSπ, p1, ¨ ¨ ¨ , pkq P Pπ,k via the automorphism of the sphere which swaps
the two inputs ζin,0 and ζin,1 and preserves the output ζout.
More precisely, as part of our Floer datum chosen for pS0, p1, ¨ ¨ ¨ , pkq, there is a
domain-dependent Hamiltonian function HS0 : S0 Ñ HℓpMq and a domain-dependent
almost complex structure JS0 : S0 Ñ JpMq. Suppose that on the cylindrical ends, the
Floer datum pulls back to
pε`0,0q
˚HS0 “ Hλ0,t, pε
`
0,1q
˚HS0 “ Hλ1,t, pε
´
0 q
˚HS0 “ Hλ0`λ1,t, (136)
pε`0,0q
˚JS0 “ pε
`
0,1q
˚JS0 “ pε
´
0 q
˚JS0 “ Jt, (137)
where Hλ0,t, Hλ1,t, Hλ0`λ1,t P HℓpMq, and Jt P JpMq.
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Definition 3.5. In general, the Floer datum for a representative pSr, p1, ¨ ¨ ¨ , pkq of Pr,k
consists of
• the choices of two positive cylindrical ends ε`0,r, ε
`
1,r and a negative cylindrical end
ε´r , which are compatible respectively with the asymptotic markers ℓin,0, ℓin,1 and
ℓout, which depend on r P r0, πs;
• a closed 1-form αSr P Ω
1pSrq which pulls back to λ0dt, λ1dt and pλ0 ` λ1qdt under
ε`0,r, ε
`
1,r and ε
´
r ;
• a surface-dependent Hamiltonian HSr : Sr Ñ HℓpMq which satisfies
pε`0,rq
˚HSr “ Hλ0,t`r, pε
`
1,rq
˚HSr “ Hλ1,t`r, pε
´
r q
˚HSr “ Hλ1`λ2,t`r; (138)
• a surface-dependent almost complex structure JSr : Sr Ñ JpMq so that
pε`0,rq
˚JSr “ pε
`
1,rq
˚JSr “ pε
´
r q
˚JSr “ Jt`r. (139)
Moreover, for r “ π, HSpi and JSpi are chosen so that Assumption 3.1 is satisfied.
Note that for any r P r0, πs, there is an obvious identification Pr,k – Pk given by
rotating the asymptotic markers by certain angle, although it does not preserve the Floer
data. This shows that the codimension 1 boundary strata of Pr,k correspond exactly to
those given in (107) to (109).
The moduli space of domains Sk defining the operation ˚k has an additional parameter
r, namely
Sk :“
ğ
rPr0,πs
Pr,k. (140)
Abstractly, Sk can be identified with r0, πs ˆ Pk, but as we have explained, this iden-
tification is not compatible with the Floer data. Denote by Sk the Deligne-Mumford
compactification of Sk. There is clearly an identification Sk – r0, πs ˆ Pk as abstract
moduli spaces.
Definition 3.6. A universal and consistent choice of Floer data for the moduli spaces 
Sk
(
kě1
is an inductive choice of Floer data for each k ě 1, each r P r0, πs, and each
representative pSr, p1, ¨ ¨ ¨ , pkq of an element of Pr,k in the sense of Definition 3.5, so that
• when restricted to the slice Pr,k Ă Sk, the Floer data should be universal and con-
sistent in the same sense as in Definition 3.4;
• different choices of Floer data on Pr,k can be patched together in the sense that the
choices should vary smoothly with respect to the parameter r.
Pick a univeral and consistent choice of Floer data. For y`0 P OM,λ0 , y
`
1 P OM,λ1
and y´ P OM,λ0`λ1 , we define for each k ě 1 the moduli space Skpy
`
0 , y
`
1 ; y
´q, which
parametrizes triples pr, pSr, p1, ¨ ¨ ¨ , pkq, uq, with r P r0, πs, pSr, p1, ¨ ¨ ¨ , pkq P Pr,k and the
map u : Sr ÑM satisfies Floer’s equation`
du´XHSr b αSr
˘0,1
“ 0, (141)
where the p0, 1q-part is taken with respect to JSr , together with the asymptotic conditions
lim
sÑ`8
pε`0,rq
˚ups, ¨q “ y`0 , lim
sÑ`8
pε`1,rq
˚ups, ¨q “ y`1 , (142)
lim
sÑ´8
pε´r q
˚ups, ¨q “ y´. (143)
Denote by Skpy
`
0 , y
`
1 ; y
´q the Gromov bordification of Skpy
`
0 , y
`
1 ; y
´q. For generic
choices of Floer data, Skpy
`
0 , y
`
1 ; y
´q is a compact manifold with corners of dimension
degpy´q ´ degpy`0 q ´ degpy
`
1 q ` 2k ` 1. (144)
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A signed count of rigid elements of Skpy
`
0 , y
`
1 ; y
´q defines the map
˚k : CF
˚pλ1q b CF
˚pλ0q Ñ CF
˚´2k´1pλ0 ` λ1q. (145)
Recall that in the unparametrized case, ˚ is a secondary product which ensures the
homotopy commutativity of the pair-of-pants product !. In the parametrized case, this
is replaced by the following:
kÿ
j“0
δjpy
`
1 ˚k´j y
`
0 q` dy
`
1 ˚k y
`
0 `p´1q
|y`
1
|y`1 ˚k dy
`
0 “ y
`
1 !k y
`
0 ´p´1q
|y`
0
||y`
1
|y`0 !k y
`
1 .
(146)
To see the validity of (146), recall that with our choice of Floer data (in particular As-
sumption 3.1), Pπ,k and P0,k are respectively the moduli spaces of domains defining the
operations y`1 !k y
`
0 and y
`
0 !k y
`
1 on the right-hand side of (146). When k “ 3,
a description of the boundary components of the moduli space Skpy
`
0 , y
`
1 ; y
´q is given
in Figure 3, where the boundary component at the bottom contains a dashed portion,
meaning that it may consist of several different line segments which correspond respec-
tively to different possibilities of the sphere bubble at the puncture ζout (it can inherit
any number of auxiliary marked points). These boundary strata give rise to the sumřk
j“0 δjpy
`
1 ˚k´j y
`
0 q in (146). Together with y
`
1 !k y
`
0 and y
`
0 !k y
`
1 , these terms cor-
respond to strata in BSkpy
`
0 , y
`
1 ; y
´q coming from the boundaries in the Deligne-Mumford
compactification of the moduli space Sk of domains pSr, p1, ¨ ¨ ¨ , pkq. The remaining two
terms in (146), namely dy`1 ˚k y
`
0 and y
`
1 ˚k dy
`
0 , arise from semi-stable breakings. Note
that in general, there are additional strata in BSkpy
`
0 , y
`
1 ; y
´q, namely the loci corre-
sponding to |pi| “ |pi`1| and |pk| “
1
2
respectively. However, one can see that they do
not contribute using the same argument as in the proof of Proposition 3.1.
3.3 Cyclic dilations
We study in this subsection the geometric counterpart of the exact Calabi-Yau condition
imposed on a homologically smooth A8-category. The precise relationship between these
two notions will be established in the next subsection, using Ganatra’s construction of
the cyclic open-closed string map.
Take any λ P r0,8s with λ R PM if λ ă 8. Recall that the S
1-equivariant Hamiltonian
Floer cohomology HF˚S1pλq fits into the following Gysin type long exact sequence:
¨ ¨ ¨ Ñ HF˚´1pλq
I
ÝÑ HF˚´1S1 pλq
S
ÝÑ HF˚`1S1 pλq
B
ÝÑ HF˚pλq Ñ ¨ ¨ ¨ , (147)
see r13, 14, 15s for a detailed discussion. The BV operator ∆ “ rδ1s : HF
˚pλq Ñ
HF˚´1pλq coincides on the cohomology level with the composition B ˝ I (in the non-
trivial order). When M “ T ˚Q is the cotangent bundle of a compact Spin manifold
Q, and λ “ 8, the above Gysin exact sequence reduces to the well-known long exact
sequence in string topology r18s:
¨ ¨ ¨ Ñ H˚`1pLQ;Kq
I
ÝÑ HS
1
˚`1pLQ;Kq
S
ÝÑ HS
1
˚´1pLQ;Kq
B
ÝÑ H˚pLQ;Kq Ñ ¨ ¨ ¨ , (148)
where the maps I and B are known as the erasing map and the marking map respectively.
Because of this, the same terminology will be used to refer to I and B in the general case,
for any λ and any Liouville manifold M .
Recall that in string topology, the map B is defined as follows: by definition, an
equivariant homology class γ P HS
1
´˚`1pLQ;Kq can be equivalently realized as a homology
class of H˚´1pS
8 ˆS1 LQ;Kq, whose lift in H˚pS
8 ˆ LQ;Kq will be denoted by γ˜. Let
Π be the trivial projection S8 ˆ LQÑ LQ, then Bpγq “ Π˚pγ˜q.
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Figure 3: A schematic picture illustrating the validity of (146) when k “ 3
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By Proposition 2.2, since CM˚pHtq ãÑ SC
˚pMq is an S1-complex homomorphism, the
long exact sequence (147) is compatible with the ordinary and equivariant PSS maps (cf.
(100) and (101)) in the sense that it fits into the following commutative diagram:
¨ ¨ ¨ H˚´1pM ;Kq H˚´1
S1
pM ;Kq H˚`1
S1
pM ;Kq H˚pM ;Kq ¨ ¨ ¨
¨ ¨ ¨ HF˚´1pλq HF˚´1S1 pλq HF
˚`1
S1 pλq HF
˚pλq ¨ ¨ ¨
PSSλ ĆPSSλ ĆPSSλ PSSλ
I S B
(149)
where the upper row is the usual Gysin long exact sequence for the trivial S1-action on
M , so in particular H˚
S1
pM ;Kq – H˚pM ;Kppuqq{uKrrussq.
We introduce the key notion of study in this paper, which serves also as a generalization
of a quasi-dilation introduced earlier by Seidel-Solomon r60, 67s.
Definition 3.7. A cyclic dilation is a pair pb˜, hq P SH 1S1pMq ˆ SH
0pMqˆ, such that
Bpb˜q “ h.
As we have mentioned in Section 1.3, if pb, hq P SH 1pMqˆSH 0pMqˆ is a quasi-dilation,
then BpIphbqq “ h is invertible.
We proceed to give a chain level interpretation of Definition 3.7. To do this, we need
to find the chain level expression of the coboundary map B : HF1S1pλq Ñ HF
0pλq in the
Gysin sequence (147). Write a degree 1 cocycle β˜ in the S1-equivariant Hamiltonian Floer
cochain complex CF˚pλq bK Kppuqq{uKrruss as
ř8
k“0 βk b u
´k, where βk P CF
2k`1pλq
and only finitely many terms in the infinite sum are non-zero. If we use Bc to denote the
underlying chain level map of the marking map B, a standard diagram chasing argument
enables us to find that (see Proposition 2.9 of r14s)
Bc
˜
8ÿ
k“0
βk b u
´k
¸
“
8ÿ
k“0
δk`1pβkq. (150)
Thus B hits an invertible element in SH 0pMq if and only if for sufficiently large λ R PM ,
there is a sequence of odd degree Floer cochains tβkukě0 with βk P CF
2k`1pλq so thatř8
k“0 δk`1pβkq P CF
0pλq defines a cocycle and under the continuation map κ : CF˚pλq Ñ
CF˚p8q “ SC˚pMq, this cocycle defines an invertible element in SH 0pMqˆ.
Let λ " 0 be sufficiently large. We consider an important special case of the above
definition, namely when h “ 1 is the identity of SH 0pMq. It follows from the exactness
of (147) that there is a cohomology class b˜ P HF1S1pλq satisfying Bpb˜q “ 1 if and only if
1 P HF0pλq vanishes under the erasing map I : HF0pλq Ñ HF0S1pλq.
In view of the commutative diagram (149), this is precisely the case when the image
of the (locally finite) fundamental class 1 P H0pM ;Kq under the composition
H˚pM ;Kq ãÑ H˚pM ;Kppuqq{uKrrussq
ĆPSSλÝÝÝÑ HF˚S1pλq (151)
vanishes. On the other hand, it follows from Lemma 4.2.4 of r75s that if M admits a
dilation in HF1pλq, i.e. a class b P HF1pλq which becomes a dilation in SH 1pMq under
the continuation map κ considered above, then 1 P H0pM ;Kq lies in the kernel of (151).
This observation enables us to relate a cyclic dilation to the following notion introduced
by Zhao r75s.
Definition 3.8 (Definition 4.2.1 of r75s). We say that a Liouville manifold M admits a
higher dilation if the identity 1 P H˚pM ;Kq lies in the kernel of the localized equivariant
PSS map zPSS : H˚pM ;Kppuqqq Ñ zPSH˚pM ;Kq, (152)
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where zPSH˚pM ;Kq is the completed periodic symplectic cohomology, which is the coho-
mology of the Tate complex (cf. (51))`
SC˚pMq bK Kppuqq, δeq
˘
. (153)
By Lemma 4.2.5 of r75s, a higher dilation can be equivalently interpreted using the
equivariant PSS map (99). Precisely, M admits a higher dilation if and only if 1b u´k P
H˚pM ;Kppuqq{uKrrussq lies in the kernel of the map ĆPSS (cf. (99)) for every k ě 0. In
view of the above discussions, we get the following:
Proposition 3.2. If M admits a higher dilation, then it admits a cyclic dilation with
h “ 1.
Remark 3.3. In fact, it is an observation made in Remark 6.5 of r67s that the existence of
a dilation in HF1pλq is equivalent to the existence of a cocycle β0 P CF
1pλq and a cochain
β´1 P CF
´1pλq, so that δeqpβ´1 ` β0 b u
´1q “ e, where e P CF0pλq is the chain level
representative of the identity. It is therefore natural to consider a sequence of cochains
tβjujě´1 with arbitrary length, where βj P CF
2j`1pλq, so that
δeq
˜
8ÿ
j“´1
βj b u
´j´1
¸
“ e, (154)
where only finitely many βj can be nonzero. While the notion of a higher dilation allows
this more general situation to happen, it also imposes the additional restriction that ebu´k
should be coboundaries in the complexes CF´2kS1 pλq for λ " 0. (154) holds if and only if
M admits a cyclic dilation with h “ 1.
This observation enables us to get some first examples of Liouville manifolds with
cyclic dilations. For any closed manifold Q, one can consider the classifying map f : QÑ
Bπ1pQq for its universal cover. Q is called rationally inessential if the fundamental class
rQs P HnpQ;Qq vanishes under the pushforward
f˚ : HnpQ;Qq Ñ HnpBπ1pQq;Qq. (155)
In particular, every simply connected closed manifold is rationally inessential. It follows
from Corollary 1.1.6 of r75s and Proposition 3.2 stated above that for any rationally
inessential manifold Q, M “ T ˚Q admits a cyclic dilation over Q. It is, however, not
clear whether such a cotangent bundle admits a quasi-dilation. In fact, it is even unknown
whether T ˚Q admits a dilation over Q for any simply connected formal manifold Q, see
Lecture 18 of r60s. More interesting examples of Liouville manifolds which admit cyclic
dilations are established in Section 5.
Remark 3.4. Related notions will also be considered in the forthcoming work r77s, where
the author considers the spectral sequence associated to the u-adic filtration on the equivari-
ant Floer cochain complex CF˚S1pλq, and M is said to admit a k-dilation if for sufficiently
large λ R PM , the identity e P CF
0pλq is killed in the pk ` 1q-th page of the spectral se-
quence. In particular, any flexible Weinstein manifold admits a 0-dilation, and a dilation
in the sense of Seidel-Solomon r67s is a 1-dilation. In general, having a k-dilation for
k ě 1 is equivalent to requiring that
řk´1
j“0 βju
´j P CF1S1pλq defines a cyclic dilation with
h “ 1.
3.4 Cyclic open-closed map
We briefly summarize the construction of the cyclic open-closed string map due to Ganatra
r27s. Details can be found in Section 5 of r27s. See also r29s for applications of the cyclic
open-closed string map in the study of mirror symmetry of closed symplectic manifolds.
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Roughly speaking, the cyclic open-closed map is a parametrized version of the usual
open-closed map
OC : CH˚pWpMqq Ñ SC
˚`npMq (156)
considered in r61s and r1s, which keeps track of the S1-complex structures on both sides.
However, as we have already noticed in Section 2.3, in order to keep track of the
information of the S1-action on the open-string side, one needs to consider the non-unital
Hochschild complex CH nu˚ pWpMqq instead of the usual Hochschild complex CH˚pWpMqq.
Thus the first step towards the construction of an “S1-equivariant enhancement” of the
usual open-closed map OC would be to replace OC by a map
OCnu : CHnu˚ pWpMqq Ñ SC
˚`npMq (157)
defined on the non-unital Hochschild complex. Following Ganatra, we will call OCnu the
non-unital open-closed string map. In view of the definition of CH nu˚ pWpMqq recalled in
Section 2.3, the map OCnu should consist of the check component }OC : CH˚pWpMqq Ñ
SC˚`npMq and the hat component yOC : CH˚pWpMqqr1s Ñ SC˚`npMq, which acts
respectively on the check and hat factors of the non-unital Hochschild complex, and
OCnupαˇ, βˆq “ }OCpαˇq `yOCpβˆq, (158)
where αˇ P CH ˚pWpMqq and βˆ P CH˚pWpMqqr1s.
The map }OC is defined on the ordinary Hochschild chain complex, and it in fact
coincides with the ordinary open-closed string map (156). Recall that OC is defined by
considering closed discs S equipped with boundary marked points ζ1, ¨ ¨ ¨ , ζd P BS which
serve as inputs, and an interior marked point ζout, which is an output. There is also
an asymptotic marker ℓout at ζout pointing towards ζd. One can assign Floer data to
such discs
`
S; ζ1, ¨ ¨ ¨ , ζd; ζout, ℓout
˘
in the usual way, and when forming the moduli space
of Floer trajectories, the boundary components of BSztζ1, ¨ ¨ ¨ , ζdu will be labelled with
Lagrangian submanifolds L1, ¨ ¨ ¨ , Ld which are objects of the wrapped Fukaya category
WpMq, so that Li is the label of the arc along the boundary between ζi and ζi`1 mod d, and
the marked points ζ1, ¨ ¨ ¨ , ζd are associated with asymptotics x1, ¨ ¨ ¨ , xd, which are time-1
chords of the Hamiltonian vector field XHt from Li´1 to Li mod d, for some Ht P HpMq.
For any yout P OM , the coefficient before |oyout |K in }OC p|oxd |K, ¨ ¨ ¨ , |ox1 |Kq is determined
by a signed count of rigid Floer trajectories u : S Ñ M which satisfy the relevant Floer
equation, with boundary conditions determined by the Lagrangian labellings pL1, ¨ ¨ ¨ , Ldq
and asymptotic conditions specified by p~x :“ pxd, ¨ ¨ ¨ , x1q; youtq.
The definition of the map yOC differs from }OC in the sense that one now considers
closed discs
`
S; ζf , ζ1, ¨ ¨ ¨ , ζd; ζout, ℓout
˘
with d`1 boundary marked points, and an interior
marked point as the domains, where ζf is an auxiliary marked point, and the asymptotic
marker ℓout is required to point towards ζf . The marked point ζf is auxiliary in the sense
that this point will be forgotten when assigning Floer data, and the collection p~x; youtq
of Hamiltonian chords and orbits as above still determines the asymptotic conditions for
the corresponding Floer equation. Since the direction of ℓout remembers the position of
ζf , so its freedom to vary increases the degree of the map by 1, which explains why yOC
is a map defined on the shifted Hochschild chain complex CH ˚pWpMqqr1s.
Proposition 3.3 (Lemma 12 of r27s). The non-unital open-closed map OCnu “}OC‘yOC
is a chain map.
Consider the natural inclusion ι : CH˚pWpMqq ãÑ CH
nu
˚ pWpMqq, whose composition
with the non-unital open-closed map gives rise to a chain map OCnu ˝ ι : CH˚pWpMqq Ñ
SC˚`npMq, which coincides homologically with the usual open-closed string map OC .
Since we have learned from Section 2.3 that ι is a quasi-isomorphism, it follows that as
homology level maps, rOCnus “ rOC s.
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The cyclic open-closed string map ĄOC will be defined as an S1-equivariant enhance-
ment of OCnu , by including higher cyclic chain homotopies. More precisely, it consists of
a sequence of maps
OCk “ }OCk ‘yOCk : CH nu˚ pWpMqq Ñ SC˚`n´2kpMq (159)
for each k ě 0, such that }OC0 “ }OC , yOC 0 “yOC , and for any k ě 1, we have
p´1qn
kÿ
i“0
δi ˝}OCk´i “yOCk´1 ˝ Bnu `}OCk ˝ b, (160)
p´1qn
kÿ
i“0
δi ˝yOCk´i “ yOCk ˝ b1 `}OCk ˝ p1´ λq, (161)
where Bnu : CH nu˚ pWpMqq Ñ CH
nu
˚´1pWpMqq is the map (60) applied to the wrapped
Fukaya category. Roughly speaking, the maps }OCk and yOCk are defined in the same
way as }OC and yOC , but with additional interior marked points p1, ¨ ¨ ¨ , pk included in
the respective domains, which are located near ζout and are strictly radially ordered in
the sense of (103). As before, ℓout is required to point towards p1 if k ą 0.
Define ĄOC :“ 8ÿ
k“0
´}OCk ‘yOCk¯uk, (162)
it follows from (160) and (161) that:
Theorem 3.1 (Theorem 1 of r27s). The non-unital open-closed map OCnu admits a geo-
metrically defined S1-equivariant enhancement ĄOC P RHomS1 `CH nu˚ pWpMqqrns,SC˚pMq˘.
Combining Theorem 1.1 of r28s and Corollary 1 of r27s, we have the following:
Theorem 3.2 (Ganatra). Let M be a Liouville manifold which is non-degenerate, then
the homology level maps
rOC s : HH˚pWpMqq Ñ SH
˚`npMq, rĄOC s : HC˚pWpMqq Ñ SH˚`nS1 pMq (163)
are isomorphisms.
We can now fulfil our promise at the beginning of Section 3.3, namely to explain the
relationship between exact Calabi-Yau structures on WpMq and cyclic dilations.
Proposition 3.4. For any Liouville manifold M , there is a commutative diagram
HC˚`1pWpMqq
rĄOCs

B
// HH˚pWpMqq
rOCs

SH˚`n`1S1 pMq
B
// SH˚`npMq
(164)
where B is the cohomology level map associated to Bnu.
Proof. This is a direct consequence of Theorem 3.1 and Proposition 2.2.
Corollary 3.1. Let M be a non-degenerate Liouville manifold, its wrapped Fukaya cat-
egory WpMq is exact Calabi-Yau if and only if there exists a cyclic dilation pb˜, hq P
SH 1S1pMq ˆ SH
0pMqˆ.
Proof. SinceM is non-degenerate, it follows from Theorem 3.2 that both of the maps rOC s
and rĄOC s in the commutative diagram (164) are isomorphisms. The corollary then follows
from the fact that rηs P HH´npWpMqq is non-degenerate if and only if its image under
the open-closed map rOC s is an invertible element h P SH 0pMqˆ, which is a corollary of
Theorem 3 of r27s.
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4 Lagrangian submanifolds
Let M be a Liouville manifold with c1pMq “ 0, and fix a trivialization of its canonical
bundle KM . Throughout this section, we shall consider Lagrangian submanifolds which
are objects of the compact Fukaya category FpMq, namely they satisfy the following:
Assumption 4.1. L ĂM is closed, connected, exact, graded, and Spin.
We shall actually fix the choice of a grading on L.
4.1 The Cieliebak-Latschev map
Let L Ă M be an exact Lagrangian submanifold satisfying Assumption 4.1. As a conse-
quence of the Viterbo functoriality r74, 2s, we have a map
SH˚pMq Ñ SH˚pT ˚Lq – H´˚pLL; νq, (165)
where the latter isomorphism is established in r7s in the case when L is Spin, and in r2s
in the general case. Since we have required in Assumption 4.1 that L is Spin, the local
system ν : π1pLLq Ñ K can be dropped out from our notations.
There is an S1-equivariant analogue of (165) constructed by Cohen-Ganatra r20s (see
also Section 4.4.1 of r75s for a detailed exposition), which is an infinite sum
ĂCL :“ 8ÿ
k“0
CLku
k : SC˚pMq bK Kppuqq{uKrruss Ñ C
♦
n´˚ pLL;Kppuqq{uKrrussq (166)
whose degree 0 piece arises from relevant considerations by Cieliebak-Latschev in r19s. In
the above, C♦´˚pLL;Kq is a quotient of the dg algebra C´˚pLL;Kq constructed by Cohen-
Ganatra in Appendix A.1 of r20s. It has the property that the projection C´˚pLL;Kq Ñ
C♦´˚pLL;Kq is a quasi-isomorphism, and C
♦
´˚pLL;Kq carries the structure of a strict S
1-
complex. ĂCL defines an S1-complex morphism, so it descends to the map (11) on the
cohomology level. We shall give a brief account of Cohen-Ganatra’s construction in this
section, and explain its implications for Lagrangian submanifolds in Liouville manifolds
with cyclic dilations.
The construction of the maps tCLku is in some sense parallel to the construction of
the maps tδku in Section 3.1, but we now consider half-cylinders instead of cylinders as
our domains. A k-point angle decorated half-cylinder is a (positive) half-cylinder Z` Ă Z
together with a collection of auxiliary interior marked points p1, ¨ ¨ ¨ , pk P Z
` satisfying
(68). Denote by Mk,` the moduli space of such half-cylinders. Every element of Mk,` is
equipped with a positive cylindrical end
ε` : r0,8q ˆ S1 Ñ Z`, ps, tq ÞÑ ps, ppkqs ` δ ` tq, (167)
for some fixed δ ą 0. Note that unlike the case of Mk, there is no free R-action on the
moduli space Mk,`.
Mk,` can be compactified to a manifold with corners Mk,` by including broken tra-
jectories in the moduli space. The codimension 1 boundary strata of Mk,` can be covered
by the images of the natural inclusions
Mj,` ˆMk´j ãÑ BMk,`, 0 ď j ď k, (168)
M
i,i`1
k,` ãÑ BMk,`, 1 ď i ă k, (169)
M
0
k,` ãÑ BMk,`, (170)
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where Mi,i`1k,` is the locus where the i-th and pi ` 1q-th height coordinates coincide, and
M0k,` is the locus where h1 “ 0. There exist forgetful maps
πi : M
i,i`1
k,` Ñ Mk´1,`, 1 ď i ď k ´ 1, (171)
π0 : M
0
k,` ÑMk´1,`, (172)
where the first map has been considered in (76), which forgets the point pi`1, while the
second map forgets p1, and has some similar flavour with the map (111) encountered in
Section 3.2. However, in the present case both of the forgetful maps are compatible with
our choices of the positive cylindrical ends, so they extend as maps π¯i : M
i,i`1
k,` Ñ Mk´1,`
and π¯0 : M
0
k,` ÑMk´1,` defined on the compactifications.
The definition of a Floer datum for a k-point angle-decorated half-cylinder pZ`, p1, ¨ ¨ ¨ , pkq
is completely analogous to that of Definition 3.2, and will therefore be omitted. Induc-
tively, there exist universal and consistent choices of Floer data for each k ě 0 and each
k-point angle decorated half-cylinder in the sense that:
• In a sufficiently small neighborhood of L Ă M , the Hamiltonian HZ` “ 0 near
s “ 0.
• Near the boundary stratum (168), the Floer datum coincides with the product of
the Floer data chosen on lower dimensional strata up to conformal equivalence. The
Floer data vary smoothly with respect to the gluing charts for the product Floer
data.
• Near the boundary strata (169) and (170), the Floer data is conformally equivalent
to the one obtained by pulling back from Mk´1,` via the forgetful maps π¯i for
i “ 0, ¨ ¨ ¨ , k ´ 1.
Fixing a universal and consistent choice of Floer data, for each y P OM , define
Mk,`py, Lq to be the parametrized moduli space of maps u : Z
` Ñ M which satisfy
the parametrized Floer equation`
du´XH
Z`
b dt
˘0,1
“ 0, (173)
where the p0, 1q-part is taken with respect to JZ` , together with asymptotic and boundary
conditions
lim
sÑ8
pε`q˚ups, ¨q “ y, (174)
up0, tq “ γ for some γ P LL. (175)
For generic choices of JZ` , Mk,`py, Lq is a smooth manifold of dimension
n´ degpyq ` 2k, (176)
which admits a well-defined Gromov bordificationMk,`py, Lq, whose codimension 1 bound-
ary is covered by the inclusions
Mk´j,`py
1, Lq ˆMjpy, y
1q ãÑ BMk,`py, Lq, (177)
M
i,i`1
k,` py, Lq ãÑ BMk,`py, Lq, (178)
M
0
k,`py, Lq ãÑ BMk,`py, Lq. (179)
Choose some Riemannian metric g on L. The evaluation map ev : Mk,`py, Lq Ñ LL is
defined by restricting u PMk,`py, Lq to Rˆt0u and taking the arc length parametrization
of the boundary of u with respect to g. The map ev admits an extension ev : Mk,`py, Lq Ñ
LL to the boundary strata, and the k-th order Cieliebak-Latschev map
CLk : SC
˚pMq Ñ C♦n´˚`2kpLL;Kq. (180)
34
is defined as
CLkp|oy |Kq “ p´1q
degpyqev˚
`“
Mk,`py, Lq
‰˘
, (181)
where
“
Mk,`py, Lq
‰
denotes the fundamental chain.
Proposition 4.1 (Proposition 4.4.12 of r75s). ĂCL “ ř8k“0 CLkuk defines a morphism of
S1-complexes, and therefore it is an S1-equivariant enhancement of CL0.
The proof follows from an analysis of the boundary strata ofMk,`py, Lq. In particular,
our choice of Floer data ensures that the elements in the moduli space M
i,i`1
k,` py, Lq will
never contribute. A similar situation is explained in the proof of Proposition 3.1. On
the other hand, the contribution from the stratum M
0
k,`py, Lq is non-trivial, and can
actually be identified with δtop1 ˝ CLk´1, where δ
top
1 denotes the chain level BV operator
on C´˚pLL;Kq defined by rotating the loops, which descends to a BV operator on the
quotient dg algebra C♦´˚pLL;Kq.
On the cohomology level, ĂCL induces a map
rĂCLs : SH˚S1pMq Ñ HS1n´˚pLL;Kq. (182)
This enables us to interpret a result of Davison r21s as providing obstructions to La-
grangian embeddings in Liouville manifolds with cyclic dilations, see Proposition 1.2.
Proof of Proposition 1.2. LetM be a Liouville manifold with a cyclic dilation, and assume
that there is an exact Lagrangian submanifold L ĂM which is a hyperbolicKpπ, 1q space.
It follows from Propositions 2.2 and 4.1 that there is a commutative diagram
SH˚S1pMq SH
˚´1pMq
HS
1
n´˚pLL;Kq Hn´˚`1pLL;Kq
rĄCLs
B
B
(183)
where the vertical arrow on the right is the usual Viterbo map (165). By our assumption,
there is a class b˜ P SH 1S1pMq whose image under the Connes’ map B is an invertible
element h P SH 0pMqˆ. By the commutativity of (183), and our assumption that L is
a Kpπ, 1q space, such a class induces an exact Calabi-Yau structure on the fundamental
group algebra Krπ1pQqs, which contradicts the main result of r21s.
It would also be interesting to take a look at the special case when h “ 1 in the
definition of a cyclic dilation, which leads to the following generalization of Corollary 6.3
of r67s.
Corollary 4.1. Suppose that the marking map B : SH 1S1pMq Ñ SH
0pMq hits the identity
1 P SH 0pMq, then M cannot contain a closed exact Lagrangian submanifold L which is a
Kpπ, 1q space.
Proof. Let L Ă M be an exact Lagrangian submanifold which is topologically a Kpπ, 1q
space. Since T ˚L is a Weinstein manifold, so Corollary 3.1 applies. It follows from
Theorem 6.1.3 of r21s that the marking map B : SH 1S1pT
˚Lq Ñ SH 0pT ˚Lq cannot hit
the identity. Suppose M admits a cyclic dilation with h “ 1, one can then use the
commutative diagram (183) to get a contradiction.
Corollary 4.1 has potential applications in proving non-existence of exact Lagrangian
Kpπ, 1q’s in Liouville manifolds. For example, let M be 4-dimensional Am or Dm Milnor
fibers, which is an affine hypersurface in C3 defined by the equation
x2 ` y2 ` zm`1 “ 1 (184)
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for m ě 1 in the case of Am, or
x2 ` zy2 ` zm´1 “ 1 (185)
for m ě 4 in the Dm case. Theorem 1 of r25s identifies the endomorphism algebra of
cocores in WpMq with the Ginzburg dg algebra associated to the Am or Dm tree. In
particular, WpMq is exact Calabi-Yau. By Corollary 3.1, M admits a cyclic dilation. On
the other hand, it follows from the computations in Section 6.2 of r25s that SH 0pMqˆ –
Kˆ for these manifolds, from which we conclude that M admits a cyclic dilation with
h “ 1. Corollary 4.1 then implies that there is no exact Lagrangian surface L Ă M
with genus g ě 1, which recovers a result of Ritter r54s. The same can be deduced for
4-dimensional Milnor fibers of types E6, E7 and E8 by assuming Conjecture 19 of r25s.
Remark 4.1. The formality of the Fukaya A8-algebra of vanishing cycles in M over
K is proved in r70s and r25s in the cases of Am and Dm respectively. As explained in
Section 4.2 of r49s, this implies that M admits a quasi-dilation. Combining with the fact
that SH 0pMqˆ – Kˆ, we see that M actually admits a dilation.
Another application of Corollary 4.1 is to deduce non-existence results concerning
cyclic dilations. For example, consider the Weinstein 4-manifold T1,1,0 Ă C
3 defined by
the equation
x` y ` xyz “ 1, (186)
which is the complement of a nodal elliptic curve Σ Ă CP2. This manifold is studied in
Section 4.1 of r16s, and it follows from the computation loc. cit that
SH 0pT1,1,0q – Krx, y, zs{px` y ` xyz ´ 1q (187)
as K-algebras. Since the polynomial x ` y ` xyz ´ 1 is irreducible over K, the only
invertible element in SH 0pT1,1,0q is the identity. If T1,1,0 admits a cyclic dilation, then
B : SH 1S1pT1,1,0q Ñ SH
0pT1,1,0q hits the identity. On the other hand, from the perspective
of Legendrian surgery, T1,1,0 can be constructed by attaching two 2-handles to the disc
cotangent bundle D˚T 2, so there is an exact Lagranian torus L Ă T1,1,0. Now Corollary
4.1 shows that T1,1,0 does not admit a cyclic dilation.
One can smooth out the node in the curve Σ to get a smooth elliptic curve E Ă CP2,
and again consider the complement T1,1,1 “ CP
2zE. It follows from Lemma 5.38 of r32s
that we have the ring isomorphism
SH 0pT1,1,1q – Krxs, (188)
so the same argument as above implies that T1,1,1 cannot admit a cyclic dilation. Alterna-
tively, one can think of T 1,1,0 as a Liouville subdomain of T 1,1,1. In general, if M0 ĂM1
is a Liouville subdomain, there is a commutative diagram
SH˚S1pM1q SH
˚´1pM1q
SH˚S1pM0q SH
˚´1pM0q
B
B
(189)
generalizing (183), from which we see that if M1 admits a cyclic dilation, then so is M0.
The vertical map on the left of (189) is defined using a carefully chosen Hamiltonian, so
that the Viterbo map on the chain level, which is a projection to the quotient complex,
preserves the S1-complex structures. We will not spell out the details here, as similar ideas
will be developed in Section 5.2. Detailed construction can also be found in Appendix C
of r75s.
More generally, attaching 2-handles toD˚T 2 yields a sequence ofWeinstein 4-manifolds
Tp,q,r, with p ě q ě r ě 0. When
1
p
` 1
q
` 1
r
ď 1, these are the Milnor fibers of parabolic
and hyperbolic unimodal singularities studied by Keating in r37, 38s. Our discussions
above imply the following:
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Proposition 4.2. The Weinstein manifold Tp,q,r admits a cyclic dilation if and only if
pp, q, rq “ p0, 0, 0q or p1, 0, 0q.
Proof. Note that T0,0,0 is symplectomorphic to T
˚T 2, so it admits a quasi-dilation. T1,0,0
is symplectomorphic to C2ztxy “ 1u, it follows from Corollary 19.8 of r60s that there is a
quasi-dilation in SH 1pT1,0,0q. Alternatively, one can compute its wrapped Fukaya category
explicitly, whose endomorphism algebra turns out to be formal, and is quasi-isomorphic
to the associative algebra Krx, ysrpxy´ 1q´1s, whose superpotential description has been
given in Example 2.1. On the other hand, we have seen in the above that the remaining
manifolds do not admit cyclic dilations.
Observe that among the examples Tp,q,r considered above, the existence of a cyclic
dilation is in fact equivalent to the existence of a quasi-dilation. This is not surprising in
view of Proposition 1.3. More interestingly, Proposition 4.2 implies the following:
Corollary 4.2. Let M be any 4-dimensional Milnor fiber associated to a non-simple
singularity, then M does not admit a cyclic dilation.
Proof. This follows from the commutative diagram (189) and the adjacency of singulari-
ties. The latter implies the existence of some triple pp, q, rq with 1
p
` 1
q
` 1
r
“ 1, so that M
contains T p,q,r as a Liouville subdomain. However, it follows from Proposition 4.2 that
any such Tp,q,r cannot admit a cyclic dilation.
4.2 Cyclic closed-open maps
Let M ba a 2n-dimensional Liouville manifold. As is observed by Seidel in r61s, if one
considers only closed exact Lagrangian submanifolds L Ă M satisfying Assumption 4.1,
then one can define a map
COcpt : SC
˚pMq Ñ CH˚pFpMqq. (190)
This is usually referred to as the closed-open string map in literature. The notation COcpt
is used here to indicate the difference between the closed-open map CO : SC˚pMq Ñ
CH˚pWpMqq considered in r28s. Ganatra shows in r27s that this map also admits an
S1-equivariant enhancement (cf. Proposition 18 of r27s), which can be written as a ho-
momorphism between S1-complexes
ĄCO_cpt P RHomS1 `CH nu˚ pFpMqq b SC˚pMq,Kr´ns˘ , (191)
where the complex CH nu˚ pFpMqqbSC
˚pMq is equipped with the diagonal S1-action (43),
while Kr´ns is regarded as a trivial S1-complex. The construction ofĄCO_cpt is completely
parallel to the cyclic open-closed string map ĄOC recalled in Section 3.4. In particular, it
consists of an infinite sequence of maps
CO_,kcpt :“
}CO_,kcpt ‘yCO_,kcpt (192)
for each k ě 0, where}CO_,kcpt andyCO_,kcpt are maps acting on the check factor CH˚pFpMqqb
SC˚pMq and the hat factor CH˚pFpMqqr1s b SC
˚pMq respectively.
Here, instead of using the full construction of Ganatra, only the check components!}CO_,kcpt )
kě0
of the cyclic refinement of COcpt will be relevant for our purposes. For the
sake of readability, it seems to be appropriate to recall here the definitions as well as basic
properties of the first few of these maps. Since the reader should now be familiar with
the operations associated to parametrized moduli spaces from our discussions in Section
3, our exposition here will be very sketchy, focusing mainly on the underlying TCFT
(Topological Conformal Field Theory) structures and describing primarily the domains
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defining various operations. We follow the general framework of r59s and r67s, while our
set up is slightly more complicated as it involves one additional piece of data: an ordered
set of interior auxiliary marked points, whose flexibility constitutes the parameter spaces
of our family of Riemann surfaces.
Let S “ SzΣ, where S is a bordered Riemann surface, and Σ Ă S is a finite set of
points. Write Σ “ Σop Y Σcl, where Σop Ă BS is the set of boundary marked points, and
Σcl Ă S is the set of interior marked points. There is also a strictly ordered set of auxiliary
marked points Σaux Ă S sitting in small neighborhoods of the interior marked points Σcl .
For simplicity, we assume that all of the points in Σaux lie in a small neighborhood of a
particular point ζ‚ P Σ
cl , the points in Σaux are ordered according to their distances to
ζ‚, and with respect to the complex coordinates near ζ‚, they should be strictly radially
ordered, see (103). At each point of Σcl, there a preferred tangent direction, which is fixed
if ζ ‰ ζ‚ P Σ
cl , and points towards the closest point in Σaux if ζ “ ζ‚. Furthermore, we
can divide the sets Σop and Σcl into inputs and outputs, namely Σop “ Σop,in Y Σop,out
and Σcl “ Σcl,in Y Σcl,out.
Additionally, S comes with a sub-closed 1-form νS P Ω
1pSq which satisfies dνS “ 0
near Σ, and νS |BS “ 0 near Σ
op. One can associate a real number λζ to every point ζ P Σ,
by integrating νS along a small loop around ζ if ζ P Σ
cl , or by integrating νS along a
small path connecting one component of BS to the other one, if ζ P Σop. For ζ P Σcl , we
require that λζ R PM .
For each boundary component C Ă BS, we want to have a Lagrangian label LC . For
any point ζ P Σop, this determines a pair of Lagrangian submanifolds pLζ,0, Lζ,1q. The
convention is that if ζ P Σop,in, then Lζ,0 is the Lagrangian submanifold associated to the
boundary component preceding ζ with respect to the orientation of BS, and Lζ,1 is the
successive one. When ζ P Σop,out, then one uses the opposite convention. The operation
associated to a single marked bordered Riemann surface
`
S; Σ; Σaux
˘
is a mapâ
ζPΣcl,in
CF˚pλζq b
â
ζPΣop,in
CF˚pLζ,0, Lζ,1q Ñ
â
ζPΣcl,out
CF˚pλζq b
â
ζPΣop,out
CF˚pLζ,0, Lζ,1q
(193)
of degree n
`
´χpSq ` 2|Σcl,out| ` |Σop,out|
˘
´ 2|Σaux |. We remark that due to the appear-
ance of Σaux , (193) is in general not a chain map.
We give a quick sketch of the definition of (193). Denote by kRΣ the moduli space of
domains
`
S; Σ; Σaux
˘
, where Σaux “ tp1, ¨ ¨ ¨ , pku. For any representative of an element
of kRΣ, we can assign it with a Floer datum, which consists of
• a cylindrical end ε˘ζ for each point ζ P Σ
cl , which is positive if ζ P Σcl,in, and is
negative if ζ P Σcl,out, ε˘ζ is required to be compatible with the tangent directions
ℓζ fixed at ζ P Σ
cl ;
• a strip-like end τ˘ζ for each point ζ P Σ
op, which is positive if ζ P Σop,in , and is
negative if ζ P Σop,out;
• a sub-closed 1-form νS P Ω
1pSq and the real numbers λζ associated to the cylindrical
and strip-like ends as mentioned above, such that´
ε˘ζ
¯˚
νS “ λζdt,
´
τ˘ζ
¯˚
νS “ λζdt; (194)
• a domain-dependent Hamiltonian HS : S Ñ HℓpMq which satisfies´
ε˘ζ
¯˚
HS “ Hλζ ,t,
´
τ˘ζ
¯˚
HS “ HLζ,0,Lζ,1,t, (195)
for some Hλζ ,t P Hλζ pMq, and HLζ,0,Lζ,1,t is a time-dependent Hamiltonian which
takes the form λζr`C on the conical end, so that all the time-1 chords ofXHLζ,0,Lζ,1 ,t
between Lζ,0 and Lζ,1 are non-degenerate, but now the parameter t P r0, 1s.
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• a domain-dependent almost complex structure JS : S Ñ JpMq such that´
ε˘ζ
¯˚
JS “
´
τ˘ζ
¯˚
JS “ Jt, (196)
for some Jt P JpMq.
The moduli space kRΣ admits a well-defined compactification kRΣ, which is usually a
real blow-up of the Deligne-Mumford compactification. A universal and consistent choice
of Floer data is an inductive choice of Floer data for each k ě 1 and each element of kRΣ
so that it varies smoothly over kRΣ and has specified behaviours near the strata of BkRΣ.
In order to construct the moduli spaces defining the operations (193), we need to fix such
a choice.
Fix a set of Lagrangian labellings pLCq, and asymptotics p~x, ~yq, where ~x “ pxζq is a
set of time-1 chords xζ P XLζ,0,Lζ,1 of XHLζ,0,Lζ,1 ,t between Lζ,0 and Lζ,1, one for each
ζ P Σop; and ~y “ pyζq is a set of time-1 Hamiltonian orbits yζ P OM,λζ , one for each
ζ P Σcl . Define the moduli space
kRΣp~y; ~xq (197)
of pairs
``
S; Σ; Σaux
˘
, u
˘
, where
`
S; Σ; Σaux
˘
P kRΣ, and u : S ÑM satisfies$’’’’&’’’%
pdu´XHS b νSq
0,1
“ 0,
upCq Ă LC for each C Ă BS,
limsÑ˘8 u
´
ε˘ζ ps, ¨q
¯
“ yζ,
limsÑ˘8 u
´
τ˘ζ ps, ¨q
¯
“ xζ .
(198)
For generic choices of perturbation data, the Gromov bordification kRΣp~y; ~xq has boundary
components coming from semi-stable breakings, together with maps from the boundary
strata of kRΣ. A signed count of rigid elements of kRΣp~y; ~xq for varying asymptotics p~x, ~yq
defines the operation (193).
We remark that the operations defined in the above way do not allow the appearance
of an auxiliary marked point on the boundary BS, which is needed in the construction
of the hat component of the non-unital open-closed map, and more generally the cyclic
open-closed map which we have briefly mentioned in Section 3.4. However, this is enough
for our purposes here since only the check component of the cyclic closed-open map will
be relevant for our later constructions.
The simplest example of interest for us is a closed disc S with Σcl “ Σaux “ H, and
an interior marked point ζout P S which is an output. The boundary BS is labelled with
a Lagrangian submanifold L ĂM . This defines a Floer cocycle
φ
1,0
L P CF
npλq (199)
for any prescribed real number λ R PM , whose cohomology class will be denoted by rrLss.
Here, a noteworthy fact is that the only difference between the domains defining the
operation φ1,0L and the Cieliebak-Latschev map CL0 appeared in Section 4.1 is that the
interior puncture of S is now treated as an output instead of an input. One can also
consider the case where Σaux is non-empty, namely where there are additional auxiliary
marked points p1, ¨ ¨ ¨ , pk lying in a small neighborhood of ζout, whose radii satisfy (103)
with respect to the standard complex coordinate on S. This would lead to Floer cochains
φ
1,0;k
L P CF
n´2kpλq, which are potentially useful in the construction of a homology class
rrLssinf P SH inf´npMqmentioned in Section 1.4. However, these cochains will not be explored
further in the present paper.
For the next example, let S be a closed disc with two interior marked points, i.e.
Σcl “ tζin , ζoutu, where ζin is an input, and ζout is an output. There is no boundary
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marked point, and BS is labelled by a single Lagrangian submanifold L. The marked
points ζin and ζout are equipped with asymptotic markers ℓin and ℓout, so that ℓout points
away from ζin . Furthermore, there are k additional auxiliary marked points p1, ¨ ¨ ¨ , pk
lying in a small neighborhood of ζin , and they are strictly radially ordered as in (103), with
respect to the local complex coordinate near ζin . When k “ 0, the asymptotic marker ℓin
is required to point towards ζout, but when k ě 1, we require that ℓin is pointing towards
p1. The associated cochain level operation is a map
φ
2,0;k
L : CF
˚pλ1q Ñ CF
˚`n´1´2kpλ0q, (200)
see the middle of Figure 6 for the domain defining the operation φ2,0;2L .
As in the definition of the operations t˚kukě0 in Section 3.2, we will go beyond the gen-
eral set up a little bit by studying a 1-parameter family of the domains
`
S; ζin , ζout; p1, ¨ ¨ ¨ , pk
˘
considered above. Let
`
Sr
˘
a family of these Riemann surfaces parametrized by r P R,
with the positions of the auxiliary marked points p1, ¨ ¨ ¨ , pk being fixed in a neighbor-
hood of ζin , so that (103) is satisfied. When r Ñ ´8, the two marked points ζin and ζout
collide, so that a 3-punctured sphere bubbles off, and all of the marked points p1, ¨ ¨ ¨ , pk
are necessarily inherited by the sphere bubble, which gives rise to the Riemann surface
defining the equivariant pair-of-pants product !k when p1, ¨ ¨ ¨ , pk are allowed to vary
(subject to the constraint (103)). When r Ñ8, ζin and ζout move apart, so that the disc
is stretched out into two discs, and the auxiliary marked points p1, ¨ ¨ ¨ , pk will go with the
disc whose interior puncture is ζin , this defines the composition of two operations φ
1,1;k
L
and
´
φ
1,1
L
¯_
, whose definitions will be recalled blow. See Figure 4 for a description of
the 1-dimensional family
`
Sr
˘
when k “ 2. In general, varying p1, ¨ ¨ ¨ , pk gives rise to
a p2k ` 1q-dimensional family Yk of domains
`
Sr; ζin , ζout; p1, ¨ ¨ ¨ , pk
˘
, which is fibered
over R. The fiberwise compactification Yk Ñ R of Yk Ñ R has its fiber given by the
Deligne-Mumford compactification of the moduli space Mk,` of k point angle decorated
half-cylinders introduced in Section 4.1. As a consequence, the family
`
Sr, p1, ¨ ¨ ¨ , pk
˘
contains two additional boundary strata if k ą 1, corresponding respectively to the loci
where |pi| “ |pi`1| and |pk| “
1
2
, but they do not contribute. In the former case, this can
be seen using the same argument as in the proof of Proposition 3.1, while in the latter
case, one can apply a similar argument as in the proof of Proposition 3.1. We conclude
from the discussions above that the following identity holds on the chain level:
dφ
2,0;k
L pyinq ` p´1q
n
kÿ
j“0
φ
2,0;k´j
L pδjpyinqq “
´
φ
1,1
L
¯_ ´
φ
1,1;k
L pyinq
¯
´ p´1qn|yin|yin !
k φ
1,0
L .
(201)
We now recall the definition of the check component of the cyclic closed-open map,
see Section 5.6 of r27s for details. Let S be a closed disc with d boundary marked points
Σop “ tζ1, ¨ ¨ ¨ , ζdu ordered anticlockwisely, among which ζd P Σ
op,out is the only output.
There is a unique interior marked point ζin at the origin, which is an input. Moreover,
there are k auxiliary interior marked points, Σaux “ tp1, ¨ ¨ ¨ , pku, and they are ordered so
that (103) is satisfied. This gives rise to a moduli space of domains, which will be denoted
by kqR1d,cpt. Label the components of BS with the Lagrangian submanifolds L1, ¨ ¨ ¨ , Ld,
and fix the set of Hamiltonian chords ~x “ px1, ¨ ¨ ¨ , xdq, where xi P XLi,Li`1 mod d , together
with a Hamiltonian orbit yin P OM,λ. As in (197), one can build a moduli space
k
qR1d,cptpyin; ~xq. (202)
A signed count of rigid elements in the Gromov bordifications kqR1d,cptpyin ; ~xq for varying
asymptotics ~x and yin defines a map
φ
1,d;k
L1,¨¨¨ ,Ld
: CF˚pλqbCF˚pLd´1, Ldqb¨ ¨ ¨bCF
˚pL1, L2q Ñ CF
˚pL1, Ldqr1´d´2ks. (203)
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ˆ
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input
output
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φ
1,1;2
L
´
φ
1,1
L
¯_
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ˆ
ˆ ˆ
ζout
input ζin
ˆ
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φ
1,0
L
!
2
p1
p2
´8 8
Figure 4: A section of the family Y2 Ñ R
Note that when k “ 0, these reduce to the usual closed-open string maps φ1,dL1,¨¨¨ ,Ld con-
sidered in r59s and r67s.
Let us write down explicitly the first few of the maps (203), and state their basic
properties. The first one of these maps is
φ
1,1;k
L : CF
˚`2kpλq Ñ CF˚pL,Lq, (204)
which is defined using a closed disc S with one interior marked point ζin , which is an
input and carries an asymptotic marker ℓin , and one boundary marked point ζ1, which
is an output. Parametrization is given by k interior auxiliary marked points p1, ¨ ¨ ¨ , pk,
whose positions satisfy the constraint (103). The asymptotic marker ℓin is required to
point towards p1. One can also treat the boundary marked point ζ1 of S as an input,
which results in a map´
φ
1,1;k
L
¯_
: SC˚`2kpMq b CFn´˚pL,Lq Ñ K. (205)
Going one step further, adding a marked point ζ2 P BS which serves as an input to the
previously considered marked bordered Riemann surfaces defining φ1,1;kL gives rise to a
map
φ
1,2;k
L1,L2
: CF˚pλq b CF˚pL1, L2q Ñ CF
˚pL1, L2qr´2k ´ 1s. (206)
Consider the family of Riemann surfaces parametrized by R as shown in Figure 5, with
the marked points p1, ¨ ¨ ¨ , pk being fixed, so that (103) holds. When k “ 0, this yields
a homotopy φ1,2L1,L2 . However, when k ą 0, the sphere bubble at the origin ζin of S
could contain j marked points, for any j with 1 ď j ď k, which defines an element of
the moduli space Mj , see Figure 6. When the points p1, ¨ ¨ ¨ , pk are allowed to vary,
one obtains as above a p2k ` 1q-dimensional family of Riemann surfaces fibering over R,
whose compactification contains two facets defining the two terms on the right-hand side
of (207). Since the boundary strata corresponding to |pi| “ |pi`1| and |pk| “
1
2
of the
p2k ` 1q-dimensional family do not contribute as explained above, this implies that
µ1
´
φ
1,2;k
L1,L2
pyin , xq
¯
`
kÿ
j“0
φ
1,2;k´j
L1,L2
pδjpyinq, xq ` p´1q
|yin|φ
1,2;k
L1,L2
`
yin , µ
1pxq
˘
“ µ2
´
φ
1,1;k
L2
pyinq, x
¯
´ p´1q|x||yin|µ2
´
x, φ
1,1;k
L1
pyinq
¯
.
(207)
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Figure 6: A representative of an element of the moduli space 3qR12,cpt and the sphere bubble
at the origin when |p2| Ñ 0
Adding a third marked point ζ3 P BS (which again serves as an input) to the domain
defining φ1,2;kL1,L2 , we obtain the domain defining the map
φ
1,3;k
L1,L2,L3
: CF˚pλq b CF˚pL2, L3q b CF
˚pL1, L2q Ñ CF
˚pL1, L3qr´2k ´ 2s, (208)
which satisfies
µ1
´
φ
1,3;k
L1,L2,L3
pyin, x2, x1q
¯
´
kÿ
j“0
φ
1,3;k´j
L1,L2,L3
pδjpyinq, x2, x1q
´ p´1q|yin|φ1,3;kL1,L2,L3
`
yin, µ
1px2q, x1
˘
´ p´1q|yin|`|x2|φ1,3;kL1,L2,L3
`
yin , x2, µ
1px1q
˘
“ ´µ3
´
φ
1,1;k
L3
pyinq, x2, x1
¯
` p´1q|x2||yin |µ3
´
x2, φ
1,1;k
L2
pyinq, x1
¯
´ p´1qp|x2|`|x1|q|yin|µ3
´
x2, x1, φ
1,1;k
L1
pyinq
¯
` φ1,2;kL1,L3
`
yin , µ
2px2, x1q
˘
´ µ2
´
φ
1,2;k
L2,L3
pyin , x2q, x1
¯
´ p´1qp|yin|`1q|x2|µ2
´
x2, φ
1,2;k
L1,L2
pyin , x1q
¯
.
(209)
As before, the second term above is a finite sum since there are different possibilities of
bubbling off a sphere at the origin ζin .
Denote by e_L : CF
npL,Lq Ñ K the map defined by a disc S with a single boundary
marked point ζ1 P BS, which is treated as an input, but no interior marked point. Re-
call that the triangle product µ2 on the Lagrangian Floer cochain complexes is graded
symmetric up to homotopy. Denote by
h_L1,L2 : CF
˚pL2, L1q b CF
˚pL1, L2q Ñ Kr´n´ 1s (210)
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the homotopy from e_L1
`
µ2px2, x1q
˘
´ p´1q|x1||x2|e_L2
`
µ2px1, x2q
˘
to 0.
Consider the domain which defines the operation
´
φ
1,1;k`1
L
¯_
. This is a closed disc
S with one interior marked point ζin and one boundary marked point ζ1, which are both
inputs, together with k` 1 additional auxiliary marked points p1, ¨ ¨ ¨ , pk`1 P S satisfying
the constraint (103) near ζin . Among the points in Σ
aux , p1 is the distinguished one, since
the asymptotic marker ℓin at ζin points towards p1. As above, the compactification of the
moduli space of these marked bordered Riemann surfaces have boundary loci coming from
the real blow-up of the usual Deligne-Mumford compactification. Again, using the fact
that the contributions corresponding to the boundary loci |pi| “ |pi`1| and |pk`1| “
1
2
necessarily vanish, we get´
φ
1,1;k`1
L
¯_
pdyin, xq ` p´1q
|yin|
´
φ
1,1;k`1
L
¯_ `
yin, µ
1pxq
˘
“ e_L
´
φ
1,2;k`1
L,L pyin ;xq
¯
´
kÿ
j“0
´
φ
1,1;k´j
L
¯_
pδj`1pyinq, xq ´ h
_
L,L
´
φ
1,1;k`1
L pyinq, x
¯
.
(211)
For completeness, we end this subsection by recalling some known operations con-
structed in r59s, which unlike the operations described above, do not involve parametriza-
tions coming from Σaux . Consider the case when S is a closed annulus, where the outer
boundary of S is labelled by the Lagrangian submanifold L0, and the inner boundary of S
is labelled by the Lagrangian submanifold L1. There is a unique boundary marked point
ζ1 on BS, which is an input. Depending on whether ζ1 lies on the boundary component
labelled by L1 or L0, we obtain operations
ψ
0,1
L0,L1
: CF1pL0, L1q Ñ K; (212)´
ψ
0,1
L0,L1
¯_
: CF1pL0, L1q Ñ K, (213)
and they satisfy
ψ
0,1
L0,L1
`
µ1pxq
˘
“ p´1qnpn`1q{2Str
`
µ2px, ¨q
˘
´ p´1qn
A
φ
1,0
L0
,
´
φ
1,1
L1
¯_
pxq
E
, (214)´
ψ
0,1
L0,L1
¯_ `
µ1pxq
˘
“ p´1qnpn`1q{2Str
`
µ2p¨, xq
˘
´
A
φ
1,0
L1
,
´
φ
1,1
L0
¯_
pxq
E
, (215)
where by Str we mean the supertrace. In the second term on the right hand side of
(214), we take φ1,0L0 P CF
np´λq and pair it with the result of
´
φ
1,1
L1
¯_
: CF˚pL1, L1q Ñ
CF˚`npλq. This is a version of the Cardy relation, see Section (4c) of r59s for details.
4.3 q-intersection numbers
Let M be a 2n-dimensional Liouville manifold, and let λ R PM be a real number. Fix
an arbitrary cohomology class b˜ P HF1S1pλq, with its cochain level representative given by
β˜ :“
ř8
k“0 βk b u
´k.
Definition 4.1. A b˜-equivariant Lagrangian submanifold rL “ pL, γ˜Lq is an L Ă M
satisfying Assumption 4.1, together with an equivalence class of cochains γ˜L P CF
0pL,Lq,
which satisfies
µ1pγ˜Lq “
8ÿ
k“0
φ
1,1;k
L pβkq. (216)
Two γ˜L are considered to be equivalent if their difference is a degree 0 coboundary.
Note that the sum on the right hand side of (216) is actually finite since only finitely
many cochains βk P CF
2k`1pλq are non-zero in the definition of the cocycle β˜ P CF1S1pλq.
To see the definition above makes sense, we need to verify the following:
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Lemma 4.1.
ř8
k“0 φ
1,1;k
L pβkq defines a Floer cocycle in CF
1pL,Lq.
Proof. For any fixed k P Zě0, consider the moduli space kqR11,cptpyin;xq, which is the
special case of (202) when d “ 1, of closed marked discs which defines the operation φ1,1;kL .
Explicitly, the codimension one boundary of kqR11,cptpyin ;xq is covered by the inclusions of
the following strata:
R
1
px1, xq ˆ kqR11,cptpyin;xq, (217)
j
qR11,cptpy1in;xq ˆMk´jpyin, y1inq, 0 ď j ď k, (218)
k´1R
S1
1,cptpyin , xq, (219)
i,i`1
k
qR11,cptpyin , xq, (220)
where the strata (217) and (218) with j “ k are loci coming from semi-stable breakings,
and the remain strata are those induced by maps from the boundary of kqR11,cpt, the real
blow-up of the usual Deligne-Mumford compactification. In particular, the strata (219)
and (220) arise from maps from BkqR11,cpt, and they correspond respectively to the loci
where |pk| “
1
2
and |pi| “ |pi`1|. As we have already seen in the proof of Proposition 3.1,
the boundary strata in (220) do not contribute as their elements are never rigid. On the
other hand, although the stratum (219) does play a role in the construction of the cyclic
closed-open map (191), its contribution in our case can be eliminated for purely algebraic
reasons.
According to Proposition 16 of r27s, the contribution of (219) to ĄCO_cpt can be identi-
fied with Bnubid composed withyCO_,kcpt , and the latter map operates on CH˚pFpMqqr1sb
CF˚pλq, where CH ˚pFpMqqr1s Ă CH
nu
˚ pFpMqq is the hat factor of the non-unital Hochschild
complex. By (60), the images of the elements in the check factor of CHnu˚ pFpMqq vanish
under Connes’ map Bnu . Since the closed-open maps (203) considered here are obtained
by dualizing the summand}CO_,kcpt of CO_,kcpt which acts on the check factor CH ˚pFpMqqb
CF˚pλq Ă CHnu˚ pFpMqq b CF
˚pλq using the Poincare´ duality CH˚pFpMqq
_r´ns –
CH˚pFpMqq (whose validity relies on the fact that FpMq is a proper Calabi-Yau cat-
egory, see Theorem 2 of r27s and Proposition 5.1 below), this implies that the boundary
stratum (219) does not contribute either. As a consequence,
µ1
˜
8ÿ
k“0
φ
1,1;k
L pβkq
¸
“
8ÿ
k“0
kÿ
j“0
φ
1,1;k´j
L pδjpβkqq. (221)
Since
ř8
k“0 βku
´k defines a cocycle in CF1S1pλq, it follows that its image under the equiv-
ariant differential δeq vanishes, or equivalently,
8ÿ
k“i
δk´ipβkq “ 0 (222)
for any i ě 0, which implies that the right-hand side of (221) vanishes.
By Lemma 4.1, the obstruction to the existence of a primitive γ˜L for a given Lagrangian
submanifold L Ă M lies obviously in HF1pL,Lq – H1pL;Kq. If H1pL;Kq “ 0, then the
set of equivalence classes of choices of γ˜L is an affine space over H
0pL;Kq – K. For
any b˜-equivariant Lagrangian submanifold rL “ pL, γ˜Lq, write rLxsy for the b˜-equivariant
Lagrangian submanifold pL, γ˜L ´ seLq.
Let rL0 “ pL0, γ˜L0q, rL1 “ pL1, γ˜L1q be two b˜-equivariant Lagrangian submanifolds.
One can define an endomorphism
φrL0,rL1 : CF˚pL0, L1q Ñ CF˚pL0, L1q (223)
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by
φrL0,rL1pxq :“
8ÿ
k“0
φ
1,2;k
L0,L1
pβk, xq ´ µ
2pγ˜L1 , xq ` µ
2px, γ˜L0q. (224)
Again, the infinite sum on the right-hand side is actually finite.
Lemma 4.2. φrL0,rL1 is a chain map.
Proof. To see this, we make use of (207). Since
ř8
k“0 βk b u
´k defines a cocycle in
CF1S1pλq, one can argue similarly as in the proof of Lemma 4.1 to deduce that
8ÿ
k“0
kÿ
j“0
φ
1,2;k´j
L0,L1
pδjpβkq, xq “ 0, (225)
which shows that φrL0,rL1 is a chain map.
By the above lemma, we obtain an endomorphism
ΦrL0,rL1 : HF˚pL0, L1q Ñ HF˚pL0, L1q (226)
on the Floer cohomology of the underlying Lagrangian submanifolds. In particular, ΦrL0,rL1
determines a decomposition of HF˚pL0, L1q into generalized eigenspaces HF
˚pL0, L1qσ,
where σ P K. Following Seidel-Solomon r67s, we define the q-intersection number between
two b˜-equivariant Lagrangians submanifolds rL0, rL1 to be
rL0 ‚q rL1 :“ÿ
σ
χpHF˚pL0, L1qσqq
σ “ Str
´
e
logpqqΦ rL0, rL1
¯
. (227)
In general, the endomorphism ΦrL0,rL1 depends on the equivalence classes of the cochains
γ˜L0 and γ˜L1 in the sense that
ΦrL0xs0y,rL1xs1y “ ΦrL0,rL1 ` ps1 ´ s0qid. (228)
As a consequence, the corresponding q-intersection number for the equivariant LagrangiansrL0xs0y and rL1xs1y also gets multiplied by a power of q. More precisely,
rL0xs0y ‚q rL1xs1y “ qs1´s0 rL0 ‚q rL1. (229)
Proposition 4.3. ΦrL0,rL1 is a derivation of the K-algebra HF˚pL0, L1q.
Proof. Using (209) we compute
φrL0,rL2 `µ2px1, x0q˘´ µ2 ´x1, φrL0,rL1px0q¯´ µ2 ´φrL1,rL2px1q, x0¯
“
8ÿ
k“0
µ1
´
φ
1,3;k
L0,L1,L2
pβk, x1, x0q
¯
´
8ÿ
k“0
kÿ
j“0
φ
1,3;k´j
L0,L1,L2
pδjpβkq, x1, x0q
`
8ÿ
k“0
φ
1,3;k
L0,L1,L2
`
βk, µ
1px1q, x0
˘
` p´1q|x1|
8ÿ
k“0
φ
1,3;k
L0,L1,L2
`
βk, x1, µ
1px0q
˘
` µ3
`
µ1pγ˜L2q, x1, x0
˘
´ p´1q|x1|µ3
`
x1, µ
1pγ˜L1q, x0
˘
` p´1q|x0|`|x1|µ3
`
x1, x0, µ
1pγ˜L0q
˘
´ µ2
`
γ˜L2 , µ
2px1, x0q
˘
` µ2
`
µ2px1, x0q, γ˜L0
˘
` µ2
`
x1, µ
2pγ˜L1 , x0q
˘
´ µ2
`
x1, µ
2px0, γ˜L0q
˘
` µ2
`
µ2pγ˜L2 , x1q, x0
˘
´ µ2
`
µ2px1, γ˜L1q, x0
˘
.
(230)
Note that the infinite sum
ř8
k“0
řk
j“0 φ
1,3;k´j
L0,L1,L2
pδjpβkq, x1, x0q actually vanishes sinceř8
k“0 βk b u
´k P CF1S1pλq satisfies the equivariant cocycle condition. Define a map
φrL0,rL1,rL2 : CF˚pL1, L2q b CF˚pL0, L1q Ñ CF˚pL0, L2qr´1s (231)
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by
φrL0,rL1,rL2px1, x0q : “
8ÿ
k“0
φ
1,3;k
L0,L1,L2
pβk, x1, x0q ´ µ
3pγ˜L2 , x1, x0q
` µ3px1, γ˜L1 , x0q ´ µ
3px1, x0, γ˜L0q.
(232)
Using the notation φrL0,rL1,rL2 and the homotopy associativity of µ2, (230) can be simplified
to
φrL0,rL2 `µ2px1, x0q˘´ µ2 ´x1, φrL0,rL1px0q¯´ µ2 ´φrL1,rL2px1q, x0¯
“ µ1
´
φrL0,rL1,rL2px1, x0q
¯
` φrL0,rL1,rL2 `µ1px1q, x0˘` p´1q|x1|φrL0,rL1,rL2 `x1, µ1px0q˘ ,
(233)
which completes the verification.
We now impose the assumption that pb˜, hq is a cyclic dilation in the sense of Definition
3.7, namely we assume λ “ 8, and there exists a Floer cocycle η P SC0pMq which defines
a class h P SH 0pMqˆ, and
8ÿ
k“0
δk`1pβkq “ η. (234)
Let rL be a b˜-equivariant Lagrangian submanifold, it follows from (210) and (211) that for
any cocycle x P CFnpL,Lq,
e_L
´
φrL,rLpxq
¯
“
8ÿ
k“0
e_L
´
φ
1,2;k
L,L pβk, xq
¯
´ e_L
`
µ2pγ˜L, xq ´ µ
2px, γ˜Lq
˘
“
8ÿ
k“0
e_L
´
φ
1,2;k
L,L pβk, xq
¯
´
8ÿ
k“0
h_L,L
´
φ
1,1;k
L pβkq, x
¯
“
8ÿ
k“0
kÿ
j“0
´
φ
1,1;k´j
L
¯_
pδj`1pβkq, xq
“
8ÿ
k“0
´
φ
1,1
L
¯_
pδk`1pβkq, xq ,
(235)
where in the last step above we have used the equivariant cocycle condition satisfied by
β˜ P CF1S1pλq. Since
´
φ
1,1
L
¯_
is by definition a chain map, we see that if η “ e is the
identity element in (234), then e_L
´
φrL,rLpxq
¯
“ e_Lpxq. As a consequence, ΦrL,rL acts as
the identity on HFnpL,Lq. In this sense, the q-intersection number we have just defined
has all the essential properties of the q-intersection number defined by Seidel-Solomon
r67s with the help of a dilation.
In general, the action of ΦrL,rL on HFnpL,Lq is the multiplication by the image ofř8
k“0 δk`1pβkq “ η under the zeroth order closed-open map
”
φ
1,1
L
ı
: SH 0pMq Ñ HF0pL,Lq.
Since
”
φ
1,1
L
ı
is a homomorphism between K-algebras, and rηs “ h is invertible in SH 0pMq,
it follows that
”
φ
1,1
L
ı
phq P HF0pL,Lq is also invertible. Since L is connected, HF0pL,Lq “
KeL, so
”
φ
1,1
L
ı
phq must be a non-zero multiple of the identity. Since this multiple will in
general depend on the particular L that we are dealing with, we denoted it as αL P K
ˆ.
We conclude our discussions above with the following proposition:
Proposition 4.4. Let pb˜, hq P SH 1S1pMq ˆ SH
0pMqˆ be a cyclic dilation, and let rL be
a b˜-equivariant Lagrangian submanifold, then the action of ΦrL,rL on HFnpL,Lq is the
multiplication by a non-zero scalar αL. Moreover, if h “ 1 in the definition of a cyclic
dilation, then one can take αL “ 1 for all b˜-equivariant rL.
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Remark 4.2. When the cyclic dilation pb˜, hq is induced from a quasi-dilation pb, hq P
SH 1pMq ˆ SH 0pMqˆ, it follows from Lemma 19.2 of r60s that one can normalize the
class b by rescaling it by h´1 so that ΦrL,rL acts as the identity on HFnpL,Lq. It is not
clear whether this rescaling trick will work in general, as it seems to be a non-trivial
task to prove that the image of
ř8
k“0 δk`1pη
´1
! βkq under
”
φ
1,1
L
ı
equals the identity
of HF0pL,Lq. Since this slight inconsistency involved in the definition of q-intersection
numbers will not affect our proof of Theorem 1.2, we are not going to explore this issue
further in this paper.
What will also be important for us is the formal derivative of the q-intersection number
(227) at the value q “ 1, namely
rL0 ‚ rL1 :“ Str´ΦrL0,rL1¯ P K. (236)
It is straightforward from the definition that:
Lemma 4.3. Let L0, L1 Ă M be two Lagrangian submanifolds which can be made b˜-
equivariant. Suppose that they are disjoinable by a Hamiltonian isotopy, then rL0 ‚ rL1 “ 0.
On the other hand, it follows from Propositions 4.3 and 4.4 that:
Lemma 4.4. Let L ĂM be a K-homology sphere, then rL ‚ rL “ p´1qnαL.
4.4 Disjoinable spheres
This subsection is devoted to the proof of Theorem 1.2. The argument is a modification
of that of Seidel in Sections 3 and 4 of r59s, and the main new ingredients that enter
into our proof are the operations !k, !k and ˚k introduced in Section 3.2. Fix some
λ ą 0 with λ, 2λ R PM , so that the cohomology class b˜ in the definition of a cyclic dilation
appears already in HF1S1p2λq. As before, we denote by β˜ :“
ř8
k“0 βk b u
´k P CF1S1p2λq
the cochain level representative of b˜.
Let L0, L1 ĂM be two Lagrangian submanifolds satisfying Assumption 4.1. For every
k ě 0, define a map χk : CF
˚p2λq Ñ K, which vanishes on all degrees except at degree
2k ` 1, where
χk : CF
2k`1p2λq Ñ K (237)
is the sum of the following six expressions:
piqk CF
2k`1p2λq
φ
2,0;k
L1ÝÝÝÝÑ CFnpλq
A
φ
1,0
L0
,¨
E
ÝÝÝÝÝÑ K,
piiqk CF
2k`1p2µq
φ
1,1;k
L1ÝÝÝÝÑ CF1pL1, L1q
ψ
0,1
L0,L1ÝÝÝÝÑ K,
piiiqk x ÞÑ p´1q
npn`1q{2`1Str
´
φ
1,2;k
L0,L1
px, ¨q
¯
,
pivqk CF
2k`1p2λq
φ
1,1;k
L0ÝÝÝÝÑ CF1pL0, L0q
´
´
ψ
0,1
L0,L1
¯
_
ÝÝÝÝÝÝÝÝÑ K,
pvqk CF
2k`1p2λq
φ
2,0;k
L0ÝÝÝÝÑ CFnpλq
p´1qn`1
A
φ
1,0
L1
,¨
E
ÝÝÝÝÝÝÝÝÝÝÑ K,
pviqk p´1q
n
A
¨, φ1,0L0 ˚k φ
1,0
L1
E
.
Define χ˜ :“
ř8
k“0 χku
k, this gives rise to a map defined on the equivariant Floer
cochain complex CF˚S1p2λq, whose non-vanishing part is
χ˜ : CF1S1p2λq Ñ K Ă Kppuqq{uKrruss. (238)
Note that it can be decomposed as χ˜ “ Ăpiq ` ¨ ¨ ¨ `Ąpviq, where each summand is defined
as
ř8
k“0p‚qku
k.
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Lemma 4.5. Regarding K as a trivial chain complex, the map χ˜ defined above is a chain
map.
Proof. Consider a coboundary
ř8
k“0
řk
j“0 δjpηkqbu
j´k in CF1S1p2λq, with ηk P CF
2kp2λq.
Its images under the six operations Ăpiq to Ąpviq are given respectively by
p´1qn
8ÿ
k“0
A
φ
1,0
L0
,
´
φ
1,1
L1
¯_ ´
φ
1,1;k
L1
pηkq
¯E
´
8ÿ
k“0
A
φ
1,0
L1
!k φ
1,0
L0
, ηk
E
, (239)
p´1qnpn´1q{2
8ÿ
k“0
Str
´
µ2
´
φ
1,1;k
L1
pηkq, ¨
¯¯
´ p´1qn`1
8ÿ
k“0
A
φ
1,0
L0
,
´
φ
1,1
L1
¯_ ´
φ
1,1;k
L1
pηkq
¯E
,
(240)
p´1qnpn´1q{2
8ÿ
k“0
Str
´
µ2
´
¨, φ1,1;kL0 pηkq
¯¯
´ p´1qnpn´1q{2
8ÿ
k“0
Str
´
µ2
´
φ
1,1;k
L1
pηkq, ¨
¯¯
,
(241)
8ÿ
k“0
A
φ
1,0
L1
,
´
φ
1,1
L0
¯_ ´
φ
1,1;k
L0
pηkq
¯E
´ p´1qnpn´1q{2
8ÿ
k“0
Str
´
µ2
´
¨, φ1,1;kL0 pηkq
¯¯
, (242)
p´1qn
8ÿ
k“0
A
φ
1,0
L0
!k φ
1,0
L1
, ηk
E
´
8ÿ
k“0
A
φ
1,0
L1
,
´
φ
1,1
L0
¯_ ´
φ
1,1;k
L0
pηkq
¯E
, (243)
8ÿ
k“0
A
ηk, φ
1,0
L1
!k φ
1,0
L0
E
` p´1qn`1
8ÿ
k“0
A
ηk, φ
1,0
L0
!k φ
1,0
L1
E
, (244)
where we have used (134) and (201) when deriving (239), (214) and (221) when deriving
(240), (207) when deriving (241), (215) and (221) in the derivation of (242), (134) and
(201) in the derivation of (243), and (146) in the derivation of (244). It is now clear that
taking the sum of (239) to (244) above gives zero.
Proposition 4.5. χ˜ is nullhomotopic.
Proof. Without the appearance of auxiliary marked points, this is the same as Proposition
4.11 of r59s. Let S be an annulus with a unique interior puncture ζin , which is an input,
and no boundary punctures. The inner boundary of S is labelled by L1, while the outer
boundary is labelled by L0. There is an asymptotic marker ℓin at ζin , which is free to
vary. Note that this is the same as putting an auxiliary marked point pin near ζin which
remembers the direction of ℓin . Moreover, there are k auxiliary marked points p1, ¨ ¨ ¨ , pk
lying in a small neighborhood of ζin , and they are ordered so that (103) is satisfied with
respect to the local complex coordinate near ζin . If we use an additional marked point
pin instead of the asymptotic marker ℓin, then we require instead that
0 ă |pin | ă |p1| ă ¨ ¨ ¨ ă |pk| ă
1
2
. (245)
When there is no auxiliary marked point, the Riemann surfaces
`
S; ζin , ℓin
˘
form a 2-
dimensional family, which compactifies to a hexagon, see Figure 7. The construction
of this 2-dimensional family, which arises as the real blow up of the KSV (Kimura-
Stasheff-Voronov) compactification, is explained in detail in Section (5b) of r59s. After
the points p1, ¨ ¨ ¨ , pk are added, we get a p2k ` 2q-dimensional family Tk of domains`
S; p1, ¨ ¨ ¨ , pk; ζin, ℓin
˘
which fibers over the hexagon, and whose fibers can be identified
with the compactifcations of the moduli space of k-point angle decorated half-cylinders
Mk,`. Note that since bubblings do not occur at ζin in the underlying 2-dimensional fam-
ily, it follows that when S degenerates, the auxiliary marked points p1, ¨ ¨ ¨ , pk always stay
on the main component. As a consequence, the codimension 1 boundary BTk contains six
strata which correspond respectively to those labelled by (i)-(vi) in Figure 7. Fixing the
positions of the auxiliary marked points p1, ¨ ¨ ¨ , pk gives back to us the hexagon depicted
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(i)
(ii)
(iii)
(iv)
(v)
(vi)
ˆ
L1
L0
ˆ
ˆ ˆ
L0
L1
ˆ
L0
L1
ˆ
L0
L1
ˆ ˆ
ˆ
ˆ ˆ
L0 L1
ˆ
ˆ
ˆ
L0 L1
ˆ
L0
L1
Figure 7: A section of the family T3
in Figure 7, which is a section of Tk. One can check that the domains defining the six op-
erations (i)k-(vi)k correspond respectively to the facets labelled by (i)-(vi) of the hexagon,
and therefore to the six boundary strata in BTk. Finally, as we have already seen in var-
ious situations encountered above, BTk contains two additional components other than
the six boundary strata which define the operations (i)-(vi), corresponding respectively to
the loci where |pi| “ |pi`1| and |pk| “
1
2
, although their contributions are easily shown to
be zero using our arguments in the proofs of Proposition 3.1 and Lemma 4.1. Summing
over the codimension 1 boundary faces of Tk gives us the desired nullhomotopy.
Define a chain complex p rC˚, d˜q by
rC˚ :“ CF˚p´λq ‘ CF˚pλq,
d˜pξ, xq :“
˜
dξ, dx ´
8ÿ
k“0
βk !
k ξ
¸
,
(246)
where as usual, d is the ordinary Floer differential. We first show that this is well-defined.
Lemma 4.6. d˜2 “ 0.
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Proof. Direct computations imply that
d˜2pξ, xq “
˜
0,´d
˜
8ÿ
k“0
βk !
k ξ
¸
´
8ÿ
k“0
βk !
k dξ
¸
“
˜
0,´
8ÿ
k“0
kÿ
j“0
δjpβkq!
k´j ξ
¸
“ 0,
(247)
where the second equality follows from (129), and the last one is a consequence of the
cocycle condition δeqpβ˜q “ 0.
The cohomology of the complex p rC˚, d˜q will be denoted by rH˚.
Next, we define a pairing on the above chain complex
ι˜ : rC˚ b rC2n´˚ Ñ K,
ι˜ ppξ0, x0q, pξ1, x1qq “ xx0, ξ1y ´ p´1q
|ξ0|xx1, ξ0y `
8ÿ
k“0
xβk, ξ0 ˚k ξ1y.
(248)
Lemma 4.7. ι˜ is a chain map.
Proof. Pick any cochains pξ0, x0q and pξ1, x1q whose degrees add up to 2n´ 1, we have
ι˜
˜˜
dξ0, dx0 ´
8ÿ
j“0
βk !
k ξ0
¸
, pξ1, x1q
¸
` p´1q|ξ0|ι˜
˜
pξ0, x0q,
˜
dξ1, dx1 ´
8ÿ
k“0
βk !
k ξ1
¸¸
“ xdx0, ξ1y ` p´1q
|ξ0|xx0, dξ1y ´ p´1q
|ξ1|xx1, dξ0y ´ xdx1, ξ0y ´
C
8ÿ
k“0
βk !
k ξ0, ξ1
G
`
C
8ÿ
k“0
βk !
k ξ1, ξ0
G
`
8ÿ
k“0
A
βk, dξ0 ˚k ξ1 ` p´1q
|ξ0|ξ0 ˚k dξ1
E
“
8ÿ
k“0
A
βk,´ξ0 !k ξ1 ` ξ1 !k ξ0 ` dξ0 ˚k ξ1 ` p´1q
|ξ0|ξ0 ˚k dξ1
E
“
8ÿ
k“0
C
βk,
kÿ
j“0
δjpξ0 ˚k´j ξ1q
G
“
8ÿ
k“0
C
kÿ
j“0
δjpβkq, ξ0 ˚k´j ξ1
G
“ 0.
(249)
In the above computations, we have used the properties (134) and (146) of the operations
!
k, !k and ˚k, as well as the equivariant cocycle property of β˜ P CF
1
S1p2λq.
The induced pairing on cohomology will be denoted by
rI : rH˚ b rH2n´˚ Ñ K. (250)
To each b˜-equivariant Lagrangian submanifold rL “ pL, γ˜Lq, we can associate a cocycle
pξL, xLq :“
˜
φ
1,0
L , p´1q
n`1
8ÿ
k“0
φ
2,0;k
L pβkq `
´
φ
1,1
L
¯_
pγ˜Lq
¸
P rCn. (251)
To see that pξL, xLq is indeed a cocycle, one uses (201) and the equivariant cocycle condi-
tion δeqpβ˜q “ 0. Denote by rrrLss P rHn the cohomology class of (251). By definition, under
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the map rHn Ñ HFnp´λq induced by the natural projection on the chain level, the class
rrrLss P rHn goes to rrLss “ ”φ1,0L ı.
The most important property of the pairing (248) is that it recovers the first order
information of the q-intersection numbers defined in Section 4.3.
Theorem 4.1. rI ´rrrL0ss, rrrL1ss¯ “ p´1qnpn`1q{2rL0 ‚ rL1.
Proof. It follows from (224), (214) and (215) that
p´1qnpn`1q{2StrpφrL0,rL1q
“ p´1qnpn`1q{2
˜
8ÿ
k“0
Str
´
φ
1,2;k
L0,L1
pβk, ¨q
¯
´ Str
`
µ2pγ˜L1 , ¨q
˘
` Str
`
µ2p¨, γ˜L0q
˘¸
“ p´1qnpn`1q{2
8ÿ
k“0
Str
´
φ
1,2;k
L0,L1
pβk, ¨q
¯
´ p´1qn
8ÿ
k“0
ψ
0,1
L0,L1
´
φ
1,1;k
L1
pβkq
¯
´
A
φ
1,0
L0
,
´
φ
1,1
L1
¯_
pγ˜L1q
E
` p´1qn
8ÿ
k“0
´
ψ
0,1
L0,L1
¯_ ´
φ
1,1;k
L0
pβkq
¯
` p´1qn
A
φ
1,0
L1
,
´
φ
1,1
L0
¯_
pγ˜L0q
E
.
(252)
By Proposition 4.5 applied to x “ βk, we get
p´1qnpn`1q{2Str
´
φ
1,2;k
L0,L1
pβk, ¨q
¯
´ p´1qnψ0,1L0,L1
´
φ
1,1;k
L1
pβkq
¯
` p´1qn
´
ψ
0,1
L0,L1
¯_ ´
φ
1,1;k
L0
pβkq
¯
“ ´
A
φ
1,0
L1
, φ
2,0;k
L0
pβkq
E
`
A
βk, φ
1,0
L0
˚k φ
1,0
L1
E
` p´1qn
A
φ
1,0
L0
, φ
2,0;k
L1
pβkq
E
,
(253)
so one can rewrite
p´1qnpn`1q{2StrpφrL0,rL1q “
C
p´1qn`1
8ÿ
k“0
φ
2,0;k
L0
pβkq `
´
φ
1,1
L0
¯_
pγ˜L0q, φ
1,0
L1
G
´ p´1qn
C
p´1qn`1
8ÿ
k“0
φ
2,0;k
L1
pβkq `
´
φ
1,1
L1
¯_
pγ˜L1q, φ
1,0
L0
G
`
8ÿ
k“0
A
βk, φ
1,0
L0
˚k φ
1,0
L1
E
“ ι˜ ppξ0, xL0q, pξ1, xL1qq .
(254)
Proof of Theorem 1.2. Let L1, ¨ ¨ ¨ , Lr Ă M be a collection of Lagrangian K-homology
spheres which are disjoinable by Hamiltonian isotopies, so in particular HF˚pLi, Ljq “ 0
for i ‰ j. It follows from Lemmas 4.3 and 4.4 that
rLi ‚ rLj “ " p´1qnαLi i “ j,
0 i ‰ j,
(255)
where αLi ‰ 0 for each i. By Theorem 4.1, the classes rrrLiss P rHn are linearly independent,
which implies that r ď N , with N “ dim rHn.
We end this section with a short remark concerning the signs appeared in the com-
putations in Sections 4.3 and 4.4. Basically, we follow the convention in Seidel’s original
argument, see Section (5c) of r59s for details. The only difference here is that we are deal-
ing with operations defined using an additional parametrization by k auxiliary interior
marked points, so the orientations of the relevant moduli spaces defining the operations
relating open and closed string invariants are fixed by following the original convention
of Seidel, and choosing a preferred orientation of the moduli space Mk,` of k point angle
decorated half-cylinders. In this way, we can arrange so that the signs involved in the
above computations coincide with that of r59s and r67s. The same convention applies
to the moduli spaces defining the closed string operations !k, !k and ˚k introduced in
Section 3.2.
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5 Existence of cyclic dilations
LetM be a 2n-dimensional Liouville manifold with c1pMq “ 0. In this section, we consider
the existence and uniqueness questions concerning cyclic dilations. In Section 5.1, we use
Koszul duality to show that the manifold M3,3,3,3 admits a cyclic dilation. This example
is non-trivial as it does not admit a quasi-dilation. With the help of Lefschetz fibrations,
one can produce infinitely many non-trivial examples starting from the single manifold
M3,3,3,3. This is done in Section 5.2. Section 5.3 proves the uniqueness of smooth Calabi-
Yau structures on the wrapped Fukaya categories of log general type affine varieties,
from which Theorem 1.4 follows as a corollary. The discussions in Section 5.4 are mostly
speculative, they are included here merely as supplements to Section 1.5.
5.1 Koszul duality
Although for the most part of this paper we have been taking a geometric viewpoint, deal-
ing with cyclic dilations in equivariant symplectic cohomologies instead of exact Calabi-
Yau structures on wrapped Fukaya categories, this subsection is an exception. We shall
go back here to the original notion of an exact Calabi-Yau structure (Definition 1.1) which
motivates the whole paper, and study it essentially from the algebraic perspective, based
on a result of Van den Bergh (cf. Theorem 5.1).
Before we proceed, first recall that smooth Calabi-Yau structures are Morita invariant,
so it makes no difference to study smooth Calabi-Yau structures on an A8-algebra A over
some semisimple ring k, or to consider them as Calabi-Yau structures on the A8-category
Aperf . See Theorem 3.1 of r20s for details.
One of the main ingredients of our proof of Theorem 1.3 is the following algebraic
fact due to Van den Bergh r72s, which enables us to characterize a large class of exact
Calabi-Yau A8-algebras in terms of its Koszul dual.
Theorem 5.1 (Theorem 11.1 of r72s). Let A be a homologically smooth, complete dg alge-
bra over k, so that H˚pAq is concentrated in degrees ď 0. Denote by A! :“ RHomApk, kq
the Koszul dual of A. Then the following statements are equivalent:
• A! is a proper A8-algebra which, up to quasi-isomorphism, carries a cyclic A8-
structure of degree n.
• A is exact n-Calabi-Yau.
Here, by complete we mean the underlying associative algebra of A is a quotient of
the path algebra of some quiver completed at path length.
Theorem 5.1 should be understood in the more general framework of Koszul duality
between Calabi-Yau structures, which we now describe. Recall that over a field K of
characteristic 0, cyclic A8-structures provide explicit models for the more general notion
of a proper Calabi-Yau structure. Precisely, a proper n-Calabi-Yau structure on a proper
A8-algebra B over k is defined as a degree n chain map
rtr : CC˚pBq Ñ Kr´ns (256)
whose projection to the Hochschild complex, tr : CH˚pBq Ñ Kr´ns defines a weak proper
n-Calabi-Yau structure, i.e. it induces a perfect pairing
H˚ phomBperf pP,Qqq bH
n´˚ phomBperf pQ,Pqq
rµ2Bs
ÝÝÝÑ Hn phomBperf pQ,Qqq
Ñ HHnpBq
rtrs
ÝÝÑ K.
(257)
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When charpKq “ 0, any cyclic A8-algebra B over k has a canonically defined proper
Calabi-Yau structure, and any proper Calabi-Yau structure on an A8-algebra B deter-
mines a quasi-isomorphism between B and a cyclic A8-algebra, the latter fact is due
to Kontsevich-Soibelman r44s. It is proved by Ganatra (r27s, Theorem 2) that any full
subcategory of the compact Fukaya category FpMq admits a geometrically defined proper
Calabi-Yau structure. As a consequence, we have the following:
Proposition 5.1 (Corollary 2 of r27s). Let M be a Liouville manifold with c1pMq “ 0.
If charpKq “ 0, then any full A8-subcategory of the compact Fukaya category FpMq is
quasi-isomorphic to a cyclic A8-category.
If A and B are Koszul dual A8-algebras, then there is a duality
CH ˚´npAq – hom pCH˚`npBq,Kq (258)
between Hochschild chains, which suggests that under Koszul duality, non-degenerate
cycles in CH´npAq should correspond to non-degenerate maps CH˚`npBq Ñ K. The
theorem stated below is a slight variant of r20s, Theorem 25.
Theorem 5.2 (Cohen-Ganatra). Let A be a homologically smooth dg algebra over k, and
let A! be a proper A8-algebra so that A and A
! are Koszul dual. Then A carries a smooth
Calabi-Yau structure if and only if A! is a proper Calabi-Yau A8-algebra.
From this perspective, the content of Theorem 5.1 can be understood as saying that
if we further impose the assumptions that A is complete and supported in non-positive
degrees, then the Calabi-Yau structure on A induced by the proper Calabi-Yau structure
on A! is not only smooth, but also exact.
Geometrically, the A8-Koszul duality between the endomorphism algebras of a set of
generators in FpMq and WpMq is first studied by Etgu¨ and Lekili in r25s when M is a
plumbing of T ˚S2’s according to a Dynkin tree and later generalized in r23s and r49s to
many interesting examples of Liouville manifolds in higher dimensions. More precisely,
denote by FM and WM the A8-algebras of some fixed sets of generators of FpMq and
WpMq respectively, and assume in addition that both of these sets of generators are
indexed by the same finite set Γ. By saying that the Fukaya categories FpMq and WpMq
are Koszul dual, we mean that there are quasi-isomorphisms
RHomFM pk, kq –WM , RHomWM pk, kq – FM , (259)
where k :“
À
vPΓKev is the semisimple ring consisting of |Γ| copies of the ground field
K, and it is regarded as a left FM -module in the quasi-isomorphisms above.
We will need a result of Ekholm-Lekili r23s, which shows that Koszul duality between
the Fukaya A8-algebras FM and WM implies automatically the completeness of WM .
Fix a finite set Γ. Let M´Λ be a 2n-dimensional Weinstein domain, with its Liouville
form denoted by θM . For each v P Γ, let Lv Ă M´Λ be an oriented, connected, Spin
Lagrangian submanifold with vanishing Maslov class. Its boundary BLv Ă BM´Λ defines
a Legendrian submanifold Λv with respect to the contact structure on BM´Λ defined by
the restriction of θM . Moreover, we assume that different Lv’s intersect with each other
transversely, and the intersections happen only in the interior of M´Λ. In particular, the
Legendrian submanifolds Λv’s are disjoint from each other in BM´Λ, together they form a
link Λ :“
Ů
vPΓ Λv. Attaching n-handles to M´Λ along the Legendrian link Λ gives rise to
a newWeinstein domainM . Note thatM contains a set of closed Lagrangian submanifolds
tLvuvPΓ, which are unions of Lv with the Lagrangian core discs of the Weinstein handles
attached along Λ. Define
VM :“
à
v,wPΓ
CF˚pLv, Lwq, (260)
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to be the Fukaya A8-algebra of these Lagrangian submanifolds, which is well-defined and
Z-graded with our assumptions on the Lv’s. This is an A8-algebra over k. For simplicity,
we shall assume that VM is strictly unital. If it is not, there is always a standard algebraic
procedure which replaces it with a quasi-isomorphic A8-algebra which is strictly unital
(Lemma 2.1 of r56s). On the other hand, the Legendrian link Λ Ă BM´Λ also has an
associated dg algebra, the Chekanov-Eliashberg algebra CE˚pΛq. Denote by R the set of
Reeb chords ending on Λ, we have
CE˚pΛq :“
8à
i“0
KxRybi, (261)
with the differential defined by counting holomorphic discs with boundary punctures in
the symplectization R ˆ BM´Λ, whose boundary components lie in the Lagrangian sub-
manifold R ˆ Λ, and whose punctures are asymptotic to Reeb chords in R. Note that
CE˚pΛq can also be realized as a dg algebra over k, by declaring ewRev to be the set of
Reeb chords from Λw to Λv.
By Theorem 4 of r23s, we have the following quasi-isomorphism, which should be
understood as a general version of the Eilenberg-Moore equivalence:
RHomCE˚pΛqpk, kq – VM . (262)
Since the union of the Lagrangian submanifolds
Ť
vPΓ Lv ĂM´Λ gives a filling of the
Legendrian link Λ, there is an induced augmentation
εL : CE
˚pΛq Ñ k. (263)
This allows us to write
CE˚pΛq “ ΩLC˚pΛq, (264)
where Ω is the Adams cobar construction, and LC˚pΛq is an A8-coalgebra over k, which
is called the Legendrian A8-coalgebra in r23s, whose linear dual LC˚pΛq
# is quasi-
isomorphic to the Fukaya A8-algebra VM defined above. The completed Chekanov-
Eliashberg dg algebra is defined to be
yCE˚pΛq :“ BpVM q#, (265)
where on the right-hand side the bar construction is taken with respect to the trivial
augmentation ε : VM Ñ k defined by projecting to the idemponents in the degree 0 part.
To state the result from r23s which is crucial to our proof, we need a little bit more
background on algebra. Denote by C any strictly counital A8-coalgebra over k which
carries a coaugmentation ε_ : k Ñ C. Denote by C :“ cokerpε_q the coaugmentation
ideal. There is a decreasing, exhaustive, bounded above filtration on the cobar complex
ΩC “ F 0ΩC Ą F 1ΩC Ą ¨ ¨ ¨ , (266)
where
F pΩC :“ Cr´1sbkp ‘ Cr´1sbkpp`1q ‘ ¨ ¨ ¨ . (267)
The completed cobar construction is defined to be the inverse limit
pΩC :“ limÐÝpΩC{F pΩC. (268)
Taking C “ LC˚pΛq to be the Legendrian A8-coalgebra, we can write
CE˚pΛq “ k‘
8à
i“1
LC˚pΛqr´1s
bki, (269)
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where LC˚pΛq Ă LC˚pΛq is the submodule without the idempotents. It follows from the
definition (265) that as an algebra over k,yCE˚pΛq “ kxxLC˚pΛqyy, (270)
which is the completed tensor algebra of KxRy, regarded as a module over k. In particular,
there is a completion map
φ : CE˚pΛq ÑyCE˚pΛq. (271)
The following theorem follows from Proposition 18 of r23s, which enables us to recover
part of the information of the wrapped Fukaya A8-algebraWM from the compact Fukaya
A8-algebra FM even when they are not necessarily Koszul dual.
Theorem 5.3 (Ekholm-Lekili). Suppose that the Weinstein domain M´Λ is subcritical,
and the Floer cohomology algebra H˚pVM q is non-negatively graded with H
0pVM q – k,
then there is a quasi-isomorphism yCE˚pΛq – pΩV#M . (272)
In other words, pΩV#M and VM are Koszul dual as A8-algebras.
We now apply Theorem 5.1 to concrete geometric situations. As a quick application,
let T be a tree with vertex set T0. For each v P T0 we associate a simply-connected
closed manifold Qv of dimension n ě 3. For simplicity, we also assume that Qv is Spin.
Denote byMT the Weinstein manifold obtained by plumbing the cotangent bundles T
˚Qv
according to the tree T .
Proposition 5.2. The wrapped Fukaya category WpMT q carries an exact Calabi-Yau
structure.
Proof. It follows from the proof of Theorem 54 of r23s that the wrapped Fukaya A8-
algebra WMT is quasi-isomorphic to a dg algebra concentrated in degrees ď 0, and it
is Koszul dual to the Fukaya A8-algebra FMT of the compact cores tQvuvPT0 . More-
over, combining Theorem 5.3 above and Theorem 54 of r23s one finds that WM is quasi-
isomorphic to its completion. Since charpKq “ 0, Proposition 5.1 implies that up to
quasi-isomorphism, FMT carries a cyclic A8-structure. Now the conclusion follows from
Theorem 5.1.
Note that this gives an alternative way of seeing that the cotangent bundle T ˚Q of
a simply-connected manifold Q admits a cyclic dilation, compare with our discussions at
the end of Section 3.3.
Our second application deals with the specific case of the affine hypersurfaceM3,3,3,3 Ă
C4. Recall that the Liouville 6-manifold M3,3,3,3 arises as the Milnor fiber associated to
the isolated singularity at the origin
x3 ` y3 ` z3 ` w3 “ 0, (273)
which is known as a 3-fold triple point. The smoothing of this singularity has been studied
by Smith-Thomas in r70s, according which we know that there is a basis of vanishing cycles
in M3,3,3,3 which consists of a configuration of 16 Lagrangian spheres, whose intersection
pattern is indicated in Figure 8, where each segment represents a Lagrangian sphere.
One obtains from this the Legendrian surgery description of M3,3,3,3:
Lemma 5.1. The Milnor fiber M3,3,3,3 is the result of attaching Weinstein 3-handles
to D6 along a Legendrian surface Λ3,3,3,3 Ă pS
5, ξstdq, which is a disjoint union of 16
standard unknotted Legendrian S2’s. Up to Legendrian isotopy, the Legendrian front of
the link Λ3,3,3,3 is depicted in Figure 10, where each Legendrian unknot in the picture
should be understood as a 2-sphere obtained by spinning the 1-dimensional unknot around
along the vertical axis of symmetry of its front projection.
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Figure 8: Configuration of vanishing cycles in M3,3,3,3
Proof. Consider the Lefschetz fibration t : C3 Ñ C obtained as the Morsification of the
polynomial x3 ` y3 ` z3. The smooth fiber of t is symplectomotphic to the Milnor fiber
T3,3,3 associated to the singularity x
3 ` y3 ` z3 “ 0, and its total monodromy is the
composition of Dehn twists along a basis of 8 vanishing cycles in T3,3,3, see Section 4.2
of r37s for a detailed description of this Lefschetz fibration. By Theorem 4.4 of r73s, this
describes D6 as the result of attaching 8 Weinstein 3-handles to T3,3,3 ˆD
2 along a link
of 8 Legendrian 2-spheres in T3,3,3ˆS
1, which restricts to the basis of vanishing cycles in
T3,3,3. Moreover, M3,3,3,3 also carries a Lefschetz fibration π : M3,3,3,3 Ñ C, with T3,3,3
as its smooth fiber, under which the vanishing cycles of M3,3,3,3 described in Figure 8 can
be realized as Lagrangian matching spheres. Figure 9 gives a description of the base of π,
where the 24 crosses are critical values, which are divided into three groups, and π´1p‹q is
a smooth fiber. See Section 2.5 of r37s, where the detailed construction of such a Lefschetz
fibration is explained. The blue curve in Figure 9 which connects two different critical
values of π is the projection of a matching sphere V ĂM3,3,3,3. This shows that M3,3,3,3
can be constructed by attaching 24 Weinstein 3-handles to T3,3,3 ˆD
2 along a link of 24
Legendrian S2’s, whose restrictions in π´1p‹q are vanishing cycles of π. Note that it can
be arranged so that the basis of vanishing cycles of π contains the aforementioned basis
of vanishing cycles of t as a subset. Comparing with the handlebody decomposition of
D6 described above, this realizes the Weinstein domain M3,3,3,3 as D
6 with 16 Weinstein
3-handles attached along a link of 16 unknotted Legendrian S2’s in pS5, ξstdq. When
restricting to the smooth fiber π´1p‹q of π, these Legendrian spheres form a subset of the
basis of vanishing cycles of π, and every one of them lies in a matching sphere, in the fiber
above ‹ P C. More precisely, consider the associated Lefschetz fibration π¯ :M3,3,3,3 Ñ D
2
on the Liouville domain (with corners)M3,3,3,3 obtained by cutting off the cylindrical ends
of the fibers, and removing the preimage of the part outside of the dashed circle in Figure
9, where the fibration is locally trivial (this is the original set up of r56s). If we cut the
base of π along the orange dashed arc in Figure 9, the preimage under π¯ of the lower
left half of the disc, which we denote by D´, with the corners rounded-off, is deformation
equivalent to D6, and the restrictions of the 16 matching spheres to π¯´1pD´q become
exact Lagrangian fillings of the corresponding vanishing cycles, which are considered as
Legendrian spheres in the contact boundary Bπ¯´1pD´q. For example, for the matching
sphere V in the figure, its restriction V :“ V X π¯´1pD´q is a Lagrangian disc, which fills
its boundary BV Ă Bπ¯´1pD´q, which is a Legendrian 2-sphere. In this way, the linking
pattern of the 16 Legendrian S2’s in Bπ¯´1pD´q is determined by the intersection pattern
of the Lagrangian matching spheres in M3,3,3,3, which is shown in Figure 8.
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Figure 9: Base of the Lefschetz fibration π :M3,3,3,3 Ñ C
We have arranged so that the labellings of the components of Λ3,3,3,3 coincide with
that of the vanishing cycles in Figure 8, which means that for any vanishing cycle V‚‚, the
Lagrangian 3-disc V‚‚XD
6 is a filling of the component Λ‚‚ with the same labelling. The
set of Lagrangian cocores tL‚‚u will be labelled in the same way, with L‚‚ being the cocore
of the 3-handle attached along Λ‚‚. As a consequence, V‚‚ intersects L‚‚ non-trivially
and transversely at a unique point if and only if they have the same labelling. We denote
by WM3,3,3,3 the Fukaya A8-algebra of the cocores tL‚‚u.
Lemma 5.2. Up to quasi-isomorphism, the wrapped Fukaya A8-algebra WM3,3,3,3 is con-
centrated in degrees ď 0.
Proof. According to r12, 22, 23s, the surgery map
Θ : WM3,3,3,3 Ñ CE
˚pΛ3,3,3,3q (274)
induces an isomorphism on homologies, so it suffices to check that the Chekanov-Eliashberg
dg algebra CE˚pΛ3,3,3,3q is concentrated in non-positive degrees up to quasi-isomorphism.
To do this, we start with the Legendrian link Λ3,3,3,3 as shown in Figure 10, and perform
a Legendrian isotopy Λ3,3,3,3 ù Λ
1
3,3,3,3, which moves the front projection of the com-
ponent Λ1γ to the back side of the paper, so that it has the same height (in the Reeb
direction) as the components Λ2γ and Λ3γ in the front projection, and the intersections
between the fronts of Λ1γ and any of the component Λγ‚ happen at both of the upper
and lower strands of Λ1γ . The three red components Λ11,Λ12,Λ13 which interacts with
Λ1γ and Λγ‚ are also isotoped to Λ
1
11,Λ
1
12,Λ
1
13, so that their fronts become parallel to
the other two groups Λ21,Λ22,Λ23 and Λ31,Λ32,Λ33. In other words, we want to ar-
range so that the fronts of the three groups of Legendrian 2-spheres pΛ11γ ,Λ
1
11,Λ
1
12,Λ
1
13q,
pΛ2γ ,Λ21,Λ22,Λ23q, pΛ3γ ,Λ31,Λ32,Λ33q are equidistributed along the cusp edges of the
Legendrian fronts of Λγ1, Λγ2, and Λγ3, which have the same height.
Equip Λ13,3,3,3 with a Maslov potential µ
1 : Λ13,3,3,3 Ñ Z as follows. For each blue
component and each red component of Λ13,3,3,3, let µ
1 “ 0 on the upper strand, and
µ1 “ ´1 on the lower strand. For the green component Λ1γγ , let µ
1 “ 1 on the upper
strand and µ1 “ 0 on the lower strand. This determines a grading on CE˚pΛ3,3,3,3q.
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Figure 10: Legendrian front of Λ3,3,3,3
To show that CE˚pΛ3,3,3,3q is quasi-isomorphic to a dg algebra with all the generators
concentrated in non-positive degrees, we make use of the cellular model of CE˚pΛ3,3,3,3q
introduced by Rutherford-Sullivan r55s. Recall that Rutherford-Sullivan’s combinatorial
model of CE˚pΛ3,3,3,3q starts with a Λ
1
3,3,3,3-compatible polygonal decomposition associ-
ated to the base projection of Λ13,3,3,3. For each i-cell e
i
α, where 0 ď i ď 2, the set of sheets
of Λ13,3,3,3 above e
i
α can be equipped with a partial ordering ă based on their heights. In
particular, if the sheet Sm has larger height than Sn, then Sm ă Sn. There is a generator
of CE˚pΛ3,3,3,3q associated to each pair of sheets pSm, Snq above e
i
α with Sm ă Sn. The
generators associated to 0-, 1-, and 2-cells labelled by α are denoted respectively by am,nα ,
bm,nα and c
m,n
α , and they can be assembled in strictly upper triangular matrices Aα, Bα
and Cα. The gradings of these generators are given as follows:
|am,nα | “ µ
1pSnq´µ
1pSmq`1, |b
m,n
α | “ µ
1pSnq´µ
1pSmq, |c
m,n
α | “ µ
1pSnq´µ
1pSmq´1. (275)
Observe that by our choice of the Maslov potential µ1, for any sheet Sm with larger
height than Sn, we necessarily have µ
1pSmq ě µ
1pSnq, which implies that all the gener-
ators of the form bm,nα and c
m,n
α have non-positive gradings. However, there still exist
generators am,nα with |a
m,n
α | “ 1. For each such generator, consider any 1-cell e
1
β in the
Λ13,3,3,3-compatible polygonal decomposition which ends at e
0
α, with the other end point
being e0γ for some γ. The differential dC on cellular dg algebra is defined in completely
combinatorial manners. In particular, we have (over K “ Z{2)
dCb
m,n
β “ a
m,n
α ` a
m,n
γ `
ÿ
măkăn
am,kα b
k,n
β `
ÿ
măkăn
b
m,k
β a
k,n
γ , (276)
which shows that there is a quasi-isomorphism
CE˚pΛ3,3,3,3q – CE
˚pΛ3,3,3,3q{
A
dCb
m,n
β , b
m,n
β
E
(277)
between CE˚pΛ3,3,3,3q and its quotient dg algebra, where
A
dCb
m,n
β , b
m,n
β
E
is the ideal
generated by dCb
m,n
β and b
m,n
β . For any relevant 0-cell e
0
α, it is always possible to find a
corresponding 1-cell e1β in the cellular decomposition, so that a
m,n
γ “ 0 for the 0-cell e
0
γ .
In fact, any such pair of sheets Sm and Sn with different heights above e
0
α will meet at
some crossing arc where the 0-cells e0γ lies. Take the 1-cell e
1
β in the cellular decomposition
which connects e0α to e
0
γ will work. If there is no such a 1-cell e
1
β , one can subdivide the
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cellular decomposition by adding such a 1-cell, as it is argued in Section 4.4.2 of r55s
that subdividing the 2-cells in the cellular decomposition results in a quasi-isomorphic
model for CE˚pΛ3,3,3,3q; or if the (newly added) arc e
1
β intersects some other 1-cells in
the original cellular decomposition of Λ13,3,3,3, so that it is divided into several 1-cells
e1β1 , ¨ ¨ ¨ , e
1
βr
, then one can apply (276) to each of these 1-cells to finally get a formula of
the form (276) with αm,nγ “ 0. In this way, the generator a
m,n
α with |a
m,n
α | “ 1 is cancelled
in the quasi-isomorphic replacement CE˚pΛ3,3,3,3q{
A
dCb
m,n
β , b
m,n
β
E
of CE˚pΛ3,3,3,3q.
Since the Legendrian front of Λ13,3,3,3 does not involve any swallowtail singularity, as
explained in the proof of Lemma 8.1 of r49s, the cancellation of the generators does not
depend on the ground field K, so we conclude that CE˚pΛ3,3,3,3q is quasi-isomorphic to a
dg algebra with all the generators concentrated in degrees ď 0 over any field K.
Remark 5.1. The non-positivity of the gradings on the wrapped Floer cohomology algebra
also plays a role in the study of the symplectic topology of plumbings of two cotangent
bundles T ˚Q0#T
˚Q1 by Abouzaid-Smith r6s, where this fact is needed in the proof of the
generation of the compact Fukaya category by Q0 and Q1 (equipped with local systems)
when dimpQ0q “ dimpQ1q ě 3.
Denote by τV the Dehn twist along the Lagrangian sphere V Ă M3,3,3,3, it follows
from Lemmas 4.15 and 4.16 of r64s that`
τV11 ˝ ¨ ¨ ¨ ˝ τV33 ˝ τVγ1 ˝ τVγ2 ˝ τVγ3 ˝ τV1γ ˝ τV2γ ˝ τV3γ ˝ τVγγ
˘3
“ r´2s. (278)
Since the right hand side of (278) is a non-trivial degree shift, by Seidel’s long exact
sequence r65s, the compact Fukaya category FpM3,3,3,3q is generated by the Lagrangian
spheres
V11, ¨ ¨ ¨ , V33, Vγ1, Vγ2, Vγ3, V1γ , V2γ , V3γ , Vγγ . (279)
In particular, denote by FM3,3,3,3 the Fukaya A8-algebra of these vanishing cycles, then
there are quasi-equivalences
F
perf
M3,3,3,3
– FpM3,3,3,3q
perf ,F
prop
M3,3,3,3
– FpM3,3,3,3q
prop, (280)
where by Aprop we mean the A8-category of proper modules over an A8-algebra or A8-
category A. The following lemma is essentially proved in r48s, and we only give a brief
sketch of their argument.
Lemma 5.3 (Lekili-Ueda). There is a fully faithful embedding
WpM3,3,3,3q ãÑ FpM3,3,3,3q
mod, (281)
where FpM3,3,3,3q
mod is the category of A8-modules over FpM3,3,3,3q.
Proof. Since the right-hand side of (278) is a non-trivial degree shift, the diagonal bi-
module over WpM3,3,3,3q is a colimit of FpM3,3,3,3q b FpM3,3,3,3q
op in the category of
WpM3,3,3,3q-bimodules, see Proposition 7.7 of r48s. The diagonal argument of Beilinson
r9s then implies that WpM3,3,3,3q is a subcategory of FpM3,3,3,3q
mod.
As a corollary, there is an isomorphism HH˚pFpM3,3,3,3qq – HH
˚pWpM3,3,3,3qq be-
tween Hochschild cohomologies. In fact, it is possible to strengthen Lemma 5.3 by show-
ing that FM3,3,3,3 and WM3,3,3,3 are Koszul dual as A8-algebras. To do this, we need some
more algebraic background.
Let D be a triangulated category, and let P be an object of D. We say that P is a
classical generator of D if P split-generates D, and P is a weak generator, or it weakly
generates D, if for any non-zero object Q of D, we have
homDpP,Qrjsq ‰ 0 (282)
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for some j P Z. Note that these definitions extend straightforwardly to the case of a
family of objects.
The notion of a classical generator is useful as it allows us to recover the information
of the whole category by expressing an arbitrary object X of D as a direct summand of
some iterated mapping cone of shifted copies of the generator P , which is in general not
the case of a weak generator. In order to realize an analogous picture for weak generators,
we need to impose an intrinsic condition called compactness.
Definition 5.1. Let D be an additive category with arbitrary direct sums. A compact
object K of D is an object such that the map
à
iPI
homDpK,Piq Ñ homD
˜
K,
à
iPI
Pi
¸
(283)
is bijective for any set I and objects tPiuiPI . The compact objects of D form a full
triangulated subcategory, which will be denoted by Dc.
Let D be a triangulated category with arbitrary direct sums. We say that D is com-
pactly generated if there exists a set tKiuiPI of compact objects such that
À
iPI Ki weakly
generates D. It turns out that any object of a compactly generated triangulated category
can be recovered from its compact weak generators as a homotopy colimit (cf. Lemma
13.34.3 of r71s). As a consequence, we have the following:
Proposition 5.3 (Theorem 2.2 of r51s). Let D be a compactly generated triangulated
category with a set of compact weak generators tKiuiPI , then D is the smallest strictly full
triangulated subcategory of D which contains tKiuiPI and is closed under direct sums.
For compactly generated triangulated categories, we have the following fact which
relates classical generators of Dc to weak generators of D:
Proposition 5.4 (Proposition 13.34.6 of r71s). Let D be a compactly generated triangu-
lated category, and K is a compact object of D. Then K is a weak generator of D if and
only if it is a classical generator of Dc.
In practice, we will be dealing with triangulated A8-categories in the sense of r56s.
Given such a category, the results above can be applied to the associated derived category,
which is a genuine triangulated category.
Proposition 5.5. There are quasi-isomorphisms between A8-algebras over k:
RHomFM3,3,3,3 pk, kq –WM3,3,3,3 , RHomWM3,3,3,3 pk, kq – FM3,3,3,3 . (284)
Proof. Consider the composition of A8-functors
W
perf
M3,3,3,3
I
ÝÑ FpropM3,3,3,3
K
ÝÑ
´pΩF#M3,3,3,3¯perf , (285)
where the functor I comes from the fully faithful embedding
WpM3,3,3,3q
perf
ãÑ FpM3,3,3,3q
prop, (286)
whose existence relies on the fully faithful embeddingWpM3,3,3,3q ãÑ FpM3,3,3,3q
mod estab-
lished in Lemma 5.3, and the fact that the wrapped Floer cohomologyHW ˚pL,Kq is finite
dimensional for any object L of the wrapped Fukaya category, as long as K ĂM3,3,3,3 is
a compact Lagrangian submanifold, while
K :“ RHomFM3,3,3,3 p¨, kq (287)
is the Koszul duality functor considered in r10s and r42s. Since we have seen in Lemma
5.2 that the Chekanov-Eliashberg dg algebra CE˚pΛ3,3,3,3q is non-positively graded (up to
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quasi-isomorphism), it follows from the Eilenberg-Moore equivalence (262) that FM3,3,3,3
is non-negatively graded and its degree zero part is isomorphic to k, so Theorem 5.3
applies and shows that the A8-algebras FM3,3,3,3 and pΩF#M3,3,3,3 are Koszul dual, which
implies that K is a quasi-equivalence, see r41s. In particular, the functor K ˝ I defines a
fully faithful embedding.
We now show that K˝ I is actually a quasi-equivalence. The triangulated subcategory
of compact objects of Dperf pWM3,3,3,3 q is given by D
proppWM3,3,3,3 q, the derived category
of proper modules over WM3,3,3,3 . Since the vanishing cycles tV‚‚u in (279) can be identi-
fied with proper modules over the wrapped Fukaya categoryWpM3,3,3,3q, they define a set
of compact objects of Dperf pWM3,3,3,3 q. Under the fully faithful embedding I, the Yoneda
modules tYV‚‚u (regarded as objects of F
perf
M3,3,3,3
) associated to the vanishing cycles be-
come compact weak generators of DproppFM3,3,3,3 q. This is a consequence of Proposition
5.4, as DproppFM3,3,3,3 q is compactly generated by the subcategory D
perf pFM3,3,3,3 q, and
tYV‚‚u split-generate F
perf
M3,3,3,3
. By Proposition 5.3, there is then a fully faithful embedding
DproppFM3,3,3,3 q ãÑ D
perf pWM3,3,3,3 q. This shows that I is actually a quasi-equivalence, so
is the composition K ˝ I.
We have proved the existence of a quasi-equivalenceK˝I : WperfM3,3,3,3
»
ÝÑ
´pΩF#M3,3,3,3¯perf .
The A8-functor K ˝ I is explicit in the following sense. If we consider the Yoneda mod-
ules tYL‚‚u associated to the Lagrangian cocores which generate W
perf
M3,3,3,3
, their images
under K ˝ I is a family of perfect modules
!pYL‚‚) over pΩF#M3,3,3,3 . Since K ˝ I is a quasi-
equivalence,
!pYL‚‚) generate ´pΩF#M3,3,3,3¯perf as well, and there is a quasi-isomorphism
between the respective endomorphisms algebras WM3,3,3,3 – pΩF#M3,3,3,3 , from which the
Koszul duality between FM3,3,3,3 and WM3,3,3,3 follows.
Proof of Theorem 1.3. Denote by FM3,3,3,3 the Fukaya A8-algebra of the basis of vanish-
ing cycles tV‚‚u depicted in Figure 8. It follows from Proposition 5.1 that FM3,3,3,3 is
a cyclic A8-algebra. Combining Theorem 5.3 and Proposition 5.5 we see that WM3,3,3,3
is quasi-isomorphic to a complete dg algebra, whose Koszul dual is FM3,3,3,3 . Moreover,
Lemma 5.2 implies that H˚
`
WM3,3,3,3
˘
is supported in non-positive degrees. Applying
Theorem 5.1 completes the proof.
As a by-product, we have the following non-formality result. A similar result is proved
in Theorem 8.3 of r48s.
Corollary 5.1. The Fukaya A8-algebra VM3,3,3,3 is not formal over k.
Proof. Suppose that VM3,3,3,3 is formal, then the Euler vector field defines a non-trivial
class reuFs P HH
1pFpM3,3,3,3qq. By Lemma 5.3, there is an isomorphismHH
˚pFpM3,3,3,3qq –
HH˚pWpM3,3,3,3qq (as Gerstenhaber algebras, but may not be compatible with the BV
structures on both sides), under which reuFs goes to a non-trivial class b P HH
1pWpM3,3,3,3qq,
which induces via the composition
HH´n`1pWpM3,3,3,3qq
I
ÝÑ HC´n`1pWpM3,3,3,3qq
B
ÝÑ HH´npWpM3,3,3,3qq (288)
a weak smooth Calabi-Yau structure on WpM3,3,3,3q. See Section 4.2 of r49s, where it
is proved that ∆CY
`
1
3
b
˘
“ 1, with ∆CY being the BV operator on HH
˚pWpM3,3,3,3qq
induced by some smooth Calabi-Yau structure on WpM3,3,3,3q. Under the BV algebra
isomorphism
HH˚pWpM3,3,3,3qq – SH
˚pM3,3,3,3q (289)
established by Ganatra (Theorem 1.1 of r28s), b induces a quasi-dilation in SH 1pM3,3,3,3q,
since changing the smooth Calabi-Yau structure onWpM3,3,3,3q has the effect of transform-
ing the original BV operator ∆CY to another one h
´1∆CYh, for some h P HH
0pWpM3,3,3,3qq
ˆ.
To complete the proof, we follow the argument of Example 2.7 of r59s to show thatM3,3,3,3
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does not admit a quasi-dilation. Consider the Milnor fiber M of a 5-fold triple point, us-
ing the Morse-Bott spectral sequence r57s which converges to SH˚pMq, one can deduce
that SH 1pMq “ 0, which in particular implies that M does not admit a quasi-dilation.
On the other hand, there is a Lefschetz fibration M Ñ C on M whose smooth fiber F
is symplectomorphic to the Milnor fiber of a 4-fold triple point. By Lemma 19.5 of r60s,
it follows that there is no quasi-dilation in SH 1pF q. Similarly, F also admits a Lefschetz
fibration F Ñ C with the Milnor fiber M3,3,3,3 as its fiber, from which we conclude that
there is no quasi-dilation in SH 1pM3,3,3,3q.
5.2 Lefschetz fibrations
This subsection is devoted to the proof of Theorem 1.1, which allows us to get new
examples Liouville manifolds which admit cyclic dilations in terms of known ones. The
argument here is a slight variation of those in Section 7 of r67s and Section 5.3 of r75s.
We use the general set up of Section 7 of r67s. Let π :M Ñ C be an exact symplectic
Lefschetz fibration, which means that its smooth fibers F are completions of Liouville
doomains F . More explicitly, we require that
• For some almost complex structure J P JpMq, the map π is pJ, jq-holomorphic,
where j is the standard complex structure on C.
• π has finitely many isolated critical points, so that each singular fiber contains at
most one critical point, and the almost complex structure J is locally integrable
near each of these critical points.
• There is a relatively open compact subset M ĂM , so that its complement MzM is
identified with
ĂM :“ pR` ˆ T q Y
R`ˆS1ˆR`ˆBF pCˆ R
` ˆ BF q, (290)
where T “ pRˆF q{pt, xq „ pt´1, µpxqq is the mapping torus, with µ being the total
monodromy of π. By construction, M is a manifold with corners, which coincides
with the Liouville domain associated to M up to deformation once the corners are
rounded off.
• Fix the choice of a trivialization of the canonical bundle KM , which induces a
trivialization of KF , the canonical bundle of the fiber.
Given such a Lefschetz fibration, consider the autonomous Hamiltonian HM :M Ñ R
defined by
HM “ HF ` π
˚HC, (291)
where HCpzq “ ε|z ´ c|
2{2 for some ε ą 0 is a function on the base, and HF : F Ñ R is
a Hamiltonian on the fiber which is linear on the cylindrical end r1,8q ˆ BF with slope
λ ą 0, where λ R PF . By Lemma 7.2 of r67s, for sufficiently small ε, there is a short exact
sequence
0Ñ KCritpπqr´ns Ñ CF˚vertpM,λq Ñ CF
˚pF, λq Ñ 0, (292)
where the Floer complexes CF˚vertpM,λq and CF
˚pF, λq are defined by choosing time-
dependent perturbations of the autonomous Hamiltonians HM and HF , and the notation
KCritpπqr´ns means the complex with trivial differential so that there is a copy of K
in degree n for every critical point of π. Here, we use the notation CF˚vertpM,λq to
indicate that when λÑ8, the slope of our Hamiltonian HM only increases in the vertical
direction. As a consequence, the cohomology level direct limit SH˚vertpMq is in general not
isomorphic to the symplectic cohomology SH˚pMq. The same notational convention will
be used later on for equivariant Floer cohomologies defined using a small time-dependent
perturbation of HM .
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Let M be a Liouville manifold. Recall that the action functional AHt : LM Ñ R
of a time-dependent perturbation Ht : S
1 ˆM Ñ R of some autonomous Hamiltonian
H :M Ñ R is defined to be
AHtpxq “ ´
ż
S1
x˚θM `
ż
S1
Htpxptqqdt. (293)
Recall that the period spectrum PM is a strictly ordered set with elements 0 “ η0 ă η1 ă
η2 ă ¨ ¨ ¨ , where η1 is the minimum period of a Reeb orbit on the contact boundary BM .
We set λj “
ηj`ηj`1
2
, so in particular λj R PM for all j, and define the real numbers
aλj :“ ´
λ2j
2
´ λj , j ě 0. (294)
Consider a Hamiltonian Hλ,t P HλpMq so that λ R PM , let OM,λ be the set of 1-periodic
orbits of XHλ,t , there is an action filtration F
‚ on the Floer complex CF˚pλq of Hλ,t given
by
F jCF˚pλq :“
à
xPOM,λ,AHλ,t pxqěaλj
|ox|K (295)
In order to analyze the compatibility between the S1-complex structure maps tδiuiě0
and the filtration F ‚ on CF˚pλq, we study a specific autonomous Hamiltonian rHλ :M Ñ
R, which is a C2-small Morse function in the interior of M , takes the form pr´1q
2
2
on the
collar neighborhood r1, λ` 1s ˆ BM , and finally, rHλpxq “ λpr ´ 1q ´ λ22 is linear on the
cylindrical end rλ ` 1,8q ˆ BM . Following Section 3.2.1 of r75s, we define a carefully-
chosen small time-dependent perturbation rHλ,t of rHλ. For any 1-periodic orbit x P rO
of XĂHλ , fix an isolating neighborhood Ux Ă M . If x corresponds to a Reeb orbit of
multiplicity k P N, one considers a Morse function f : S1 Ñ
“
´1,´ 1
2
‰
that has a unique
minimum fp0q “ ´1 and a unique maximum fpt0q “ ´1{2 for some small enough t0 P S
1.
Define hx : Ux Ñ r´1, 0s by
hxpt, xpsqq “ fpks´ ktq (296)
on the image of x and extend it smoothly to Ux so that hx “ 0 on BUx. The time-
dependent perturbation of rHλ is defined to berHλ,t “ rHλ ` ε1 ÿ
xPrO
hxptq, (297)
where hxptq “ fx ˝ φ
´tĂHλ , with φ´tĂHλ being the time ´t flow of XĂHλ , and ε1 ą 0 is a small
positive number.
With our choice of rHλ,t, an energy estimate for Floer trajectories in Mipy`; y´q with
|oy` |K P F
jCF˚pλq implies the following:
Lemma 5.4 (Lemma 3.2.4 of r75s). For any fixed λ R PM , there is an ε
1 ą 0 depending
on λ such that
δi
`
F jCF˚pλq
˘
Ă F jCF˚pλq (298)
for all i, j ě 0.
Proof of Theorem 1.1. We first show that (292) is a short exact sequence of S1-complexes.
Basically, (292) follows from the fact that the generators of CF˚vertpM,λq consist of the
following three kinds:
• Critical points of HF . These generators have small negative action, if we perturb
HF so that it is a C
2-small Morse function in the interior of F .
• Non-constant 1-periodic orbits of HF . Writing HF “ hF prq on the cylindrical end
r1,8qˆ BF , such an orbit x has action
AHF pxq “ hF prxq ´ rxh
1
F prxq ă 0, (299)
where rx P r1,8q is the radial coordinate of x.
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• Constant orbits near the critical points of π˚HC, with Conley-Zehnder index ´n. If
we choose the C2-small Morse function appearing in the first item to be sufficiently
small, it can be achieved that
AHM pxq “ ε|πpxq ´ c|
2 `HF pxq ą 0. (300)
By choosing the t-dependent perturbation of the HamiltonianHF (and thusHM ) carefully,
Lemma 5.4 applies and shows that the operations tδiuiě0 preserve the action filtration on
CF˚vertpM,λq. This implies that the generators of CF
˚
vertpM,λq with positive actions form
the (trivial) S1-subcomplex KCritpπqr´ns. On the other hand, the same energy estimate
as in the proof of Lemma 7.2 of r67s shows that for any solution u : Z ÑM of the Floer
equation
´
du´X
H
Lef
Z
b νZ
¯0,1
“ 0 with asymptotics x´, x` P OF,λ, its image necessarily
lies in the fiber F . Here, νZ P Ω
1pZq, HLefZ P H
Lef pMq, JLefZ P J
Lef pMq involved in the
Floer equation come from the Floer data chosen for the moduli spaces Mi of i-point angle
decorated cylinders. However, the choices of Floer data here differ slightly from what we
have seen in Definition 3.2 in the sense that they need to be compatible with the Lefschetz
fibration structure. More precisely, HLef pMq is the space of Hamiltonians which are small
t-dependent perturbations of the autonomous Hamiltonians taking the specific form (291),
and JLef pMq is the space of compatible almost complex structures which are of contact
type when restricted to the fibers F , and π : M Ñ C must be pJ, jq-holomorphic. The
fact that upZq Ă F implies that the quotient complex CF˚vertpM,λq{K
Critpπqr´ns can
be identified with CF˚pF, λq as an S1-complex. This proves that (292) is a short exact
sequence of S1-complexes, and it follows from Proposition 2.2 that we have a commutative
diagram
¨ ¨ ¨ KCritpπqr´ns HF˚S1,vertpM,λq HF
˚
S1pF, λq ¨ ¨ ¨
¨ ¨ ¨ KCritpπqr´ns HF˚´1vert pM,λq HF
˚´1pF, λq ¨ ¨ ¨
B B B (301)
whose rows are long exact sequences of S1-equivariant and ordinary Floer cohomology
groups, which are related through the marking map B.
Now suppose that F admits a cyclic dilation, so that for some λ " 0 and λ R PF , there
is a class b˜F P HF
1
S1pλq, whose image under the composition of the marking map B and
the continuation map goes to some invertible element hF P SH
0pF qˆ. By our assumption
that dimRpF q ą 2, it follows that n ě 3 in (301) and we have isomorphisms
HF1S1,vertpM,λq – HF
1
S1pF, λq,HF
0
vertpM,λq – HF
0pF, λq, (302)
By the commutativity of (301), we see that there is a class b˜M P SH
1
S1,vertpMq which
satisfies Bpb˜M q “ hM P SH
0
vertpMq
ˆ, where the invertiblility of hM follows from the fact
that SH 0vertpMq – SH
0pF q is in fact an isomorphism of K-algebras. Finally, there is an
equivariant continuation map (whose construction is similar to that of (96))
SC˚vertpMq bK Kppuqq{uKrruss Ñ SC
˚pMq bK Kppuqq{uKrruss, (303)
under which the class b˜M goes to a cyclic dilation in SH
1
S1pMq.
5.3 Varieties of log general type
We prove Theorem 1.4 in this section. Our argument is based on the work of McLean
r52s on the symplectic invariance of the log Kodaira dimension, and the techniques in
r11, 35s, which allow us to produce J-holomorphic curves starting from solutions to Floer’s
equations. For completeness, we shall start by recalling some of the important notions
and results from r52s.
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Let pM, θM q be any Liouville domain and let J be an almost complex structure on M
which is compatible with the symplectic form dθM . It is convex if there is some function
φ :M Ñ R such that
• BM is a regular level set of φ and φ attains its maximum on BM ;
• θM ˝ J “ dφ near BM .
Every Liouville domainM has a convex almost complex structure since one can take φ “ r
to be the radial coordinate function in a collar neighborhood of BM , and then extend it
smoothly to the interior. The following notion plays a pivotal role in McLean’s theory.
Definition 5.2 (Definition 2.2 of r52s). Let k P Zą0, and let µ P Rą0. A Liouville
domain M is pk, µq-uniruled if for every convex almost complex structure J and every point
p P M in so that J is integrable in a neighborhood of p, there is a proper J-holomorphic
map u : S Ñ M in whose image passes through p, where S is a genus 0 Riemann surface
with dimH1pS;Qq ď k ´ 1, and the energy of u is at most µ.
It follows from Theorem 2.3 of r52s that pk, µq-uniruledness is a symplectic invariant
of the completion after forgetting about the energy bound µ.
We now restrict ourselves to the special case when M is an n-dimensional smooth
affine variety. We say that M is algebraically k-uniruled if there is a polynomial map
S ÑM passing through every generic point p PM , where S is CP1 with at most k points
removed. This notion of uniruledness is related to Definition 5.2 as follows.
Theorem 5.4 (Theorem 2.5 of r52s). Let M be a smooth affine variety. If the associated
Liouville domain M is pk, µq-uniruled for some µ, then M is algebraically k-uniruled.
k-uniruledness of an affine variety is closely related to its log Kodaira dimension. In
particular, we have the following:
Lemma 5.5 (Lemma 7.1 of r52s). Let M be a smooth affine variety which is algebraically
k-uniruled. If k “ 1, then κpMq “ ´8, and if k “ 2, then κpMq ď n´ 1.
Proof of Theorem 1.4. Suppose that M is an n-dimensional smooth affine variety so that
SH 0pMqˆ is not isomorphic to Kˆ, or equivalently, there is an h P SH 0pMqˆ which is
not a multiple of the identity. Since hh´1 “ 1 holds in SH 0pMq, we see that the pairing
SC0`pMq b SC
0
`pMq
!
ÝÑ SC 0pMq
pr
ÝÑ C0pM ;Kq – K (304)
defined by composing the pair-of-pants product with the natural projection to the sub-
complex C0pM ;Kq Ă SC 0pMq does not vanish, where SC0`pMq Ă SC
0pMq is the sub-
module generated by non-constant Hamiltonian orbits. It follows that there must be some
y`0 , y
`
1 P OM , such that y
`
1 ! y
`
0 “ α ¨ e, where α P K
ˆ is some non-zero scalar. Without
loss of generality, we may assume that y`1 ! y
`
0 “ e for convenience.
This implies the existence of a map u : S Ñ M , with S being a 3-punctured sphere,
which satisfies the Floer equation pdu´XHS b νSq
0,1 “ 0, and is asymptotic to the non-
constant periodic orbits y`0 , y
`
1 P OM at two positive cylindrical ends, and converges to
the minimum y´ of some C2-small Morse function defined onM in. Here HS : S Ñ HpMq
is a domain-dependent Hamiltonian-function so that its restriction to M in is a (domain-
independent) C2-small Morse function, and νS P Ω
1pSq is a closed 1-form, they are fixed
as part of our Floer data defining the pair-of-pants product, and the p0, 1q-part in the
Floer equation is taken with respect to some domain-dependent almost complex structure
JS : S Ñ JpMq. Starting from this, one can apply a limiting argument of r11, 35s
to produce a J-holomorphic cylinder u¯8 : Z Ñ M
in
1´ε with finite energy which passes
through y´ for any convex almost complex structure J on the slightly shrinked Liouville
domain
M1´ε :“Mzp1´ ε, 0s ˆ BM (305)
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containing y´ in its interior, and whose completion is still deformation equivalent to M ,
where ε ą 0 is a small constant.
To do this, we work with linear Hamiltonians instead, and introduce a particular 1-
parameter family of domain-dependent Hamiltonians Hλ,S,θ : S Ñ HλpMq which depend
on a small parameter θ ą 0, where as before λ R PM and λ " 0. Specifically, for each
point z P S, there is a Hamiltonian
Hλ,z,θ “ Hλ,θ ` Fλ,z P HλpMq, (306)
where Fλ,z : S ˆM Ñ R is independent of s when restricted to the cylindrical ends, and
since it is supported near non-constant orbits of XHλ,θ , we can choose ε ą 0 so that Fλ,z
vanishes on M1´ε. Note that ε ą 0 can be taken to be arbitrarily small. Set
Hλ,θ “
$&%
´Cλ ` θf on M
in
hλ,θprq on M1`2εzM
in
λpr ´ 1´ εq on MzM1`2ε
(307)
where Cλ ą 0 is a small scalar which satisfies limλÑ8 Cλ “ 0, f is a C
2-small Morse
function when restricted toM in1´ε, satisfying ´1 ď f ď 0 onM1´ε, has a relative minimum
at y´ P M in1´ε, and equals r ´ 1 ` ε on r1 ´ 2ε, 1s ˆ BM . hλ,θprq is an arbitrary convex
function on r1, 1` 2εs ˆ BM which depends only on r, and whose slope varies from θ to
λ as r goes from 1 to 1` 2ε, such that hλprq :“ limθÑ0 hλ,θprq is a smooth function.
With our particular choice of the domain-dependent Hamiltonian Hλ,S,θ as above, we
get a Floer trajectory uλ,θ : S ÑM which is asymptotic to a Morse critical point y
´
θ at its
negative cylindrical end, and to y`0,θ, y
`
1,θ P OM,λ at two positive cylindrical ends. It follows
from our definition of Hλ,θ that the non-constant orbits y
`
0,θ, y
`
1,θ necessarily lie in the
collar r1, 1` 2εsˆ BM. To achieve the non-degeneracies of y`0,θ and y
`
1,θ, the perturbation
Fλ,z can be taken to be supported near y
`
0,θ and y
`
1,θ, so we may assume (by possibly
rescaling ε) that Hλ,z,θ “ Hλ,θ is domain-independent in the shrinked Liouville domain
M1´ε. Applying the maximum principle from Section 7d of r5s to the map uλ,θ shows that
uλ,θpSq Ă M1`2ε. To achieve transversality of the moduli space P
´
y`0,θ, y
`
1,θ; y
´
θ
¯
where
the trajectory uλ,θ lies in, one can start from any convex almost complex structure J on
M and perturb it slightly outside of M1´ε to get a domain-dependent almost complex
structure Jλ,S,θ : S Ñ JpMq. Note that we have arranged so that both of Hλ,S,θ and
Jλ,S,θ are domain-independent on M1´ε, and we denote the restriction of Jλ,S,θ on M1´ε
as Jλ,θ.
We want to pass to the limit θ Ñ 0. Notice that when restricted to the Liouville
domain M1´ε, we have limθÑ0Hλ,θ “ ´Cλ, and limθÑ0 Jλ,θ “ J , for some fixed convex
almost complex structure J P JpMq which doesn’t need to depend on λ. By the same
argument as in the proof of Proposition 5.11 of r35s, one can find a sequence tθnu which
limits to 0 so that the corresponding Floer trajectories satisfy uλ,θn Ñ uλ in C
8
locpS,Mq,
and the energy of the limiting trajectory
E puλq :“
1
2
ż
S
ˇˇˇˇ
duλ ´XHλ,z,0 b dt
ˇˇˇˇ2
Jλ,z,0
ď µM (308)
is bounded above by some constant µM ą 0, which is independent of λ. Denote by φ a
biholomorphic map which identifies S with CP1zt0, 1,8u so that the negative puncture
ζout is mapped to the origin. The composition u˜λ “ uλ ˝ φ : CP
1zt0, 1,8u Ñ M is a
map whose limit at the origin is y´ :“ limθÑ0 y
´
θ and which goes outside of M
in when
approaching the other two punctures. Note that by our choice of Hλ,θ, the minimum y
´
θ
of the C2-small Morse function f is independent of θ ą 0, so we actually have y´ PM in1´2ε.
On the other hand, it also follows from our choice of Hλ,θ that y
`
0 :“ limλÑ8 y
`
0,θ and
y`1 :“ limλÑ8 y
`
1,θ fall outside of M
in.
Pick any Rλ P p1 ´ 2ε, 1´ εq, and consider the inverse image u˜
´1
λ pMRλq. As λÑ 8,
limλÑ8Rλ “ 1 ´ ε. Since y
´ P M in1´2ε and y
`
0 , y
`
1 R M
in, u˜´1λ pM
in
Rλ
q Ă CP1zt0, 1,8u is
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an open punctured cylinder for some ε ą 0 which can be taken sufficiently small. We will
denote it by Z˚λ Ă Z. Since Hλ ” Cλ in M
in, it follows that the map u˜λ : Z
˚
λ Ñ M
in
Rλ
is
J-holomorphic. Moreover, we haveż
BZ
˚
λ
u˜˚λθM ď E puλq ď µM , (309)
where θM is the Liouville form. In particular, the removable singularity theorem for
pesudoholomorphic maps applies, which shows that u˜λ extends to a J-holomorphic map
u¯λ : Zλ Ñ M
in
Rλ
. Letting λ Ñ 8, we get a J-holomorphic map u¯8 : Z Ñ M
in
1´ε whose
image passes through y´. The uniruledness of the Liouville domain M1´ε follows by
noticing that y´ can be taken to be any generic point in M in1´ε. Alternatively, one can
argue as follows.
A slight variation of the construction of the moduli space Ppy`0 , y
`
1 ; y´q enables us to
define Ppy`0 , y
`
1 ;Mq, which parametrizes maps u : S ÑM satisfying Floer’s equation, but
are now asymptotic to y`0 , y
`
1 P OM,λ at two positive ends, and converges to the relative
fundamental cycle in C2npM, BMq at the negative end. The Gromov bordification of
Ppy`0 , y
`
1 ;Mq carries an evaluation map
ev : P
`
y`0 , y
`
1 ;M
˘
ÑM (310)
defined to be the asymptote at the negative puncture for every u P P
`
y`0 , y
`
1 ;M
˘
, and
the coefficient before the identity e P CF0p2λq under the pair-of-pants product y`1 !
y`0 is defined by pushing forward the fundamental chain
“
P
`
y`0 , y
`
1 ;M
˘‰
via ev. Our
assumption that h defines a non-trivial unit in SH 0pMq implies that for appropriate
choices of Floer data, there is an identification between P
`
y`0 , y
`
1 ;M
˘
and M relative to
the boundaries. Applying the same argument as above to every element u of P
`
y`0 , y
`
1 ;M
˘
proves that the Liouville domain M1´ε is p2, µM q-uniruled in the sense of Definition 5.2.
It follows from Theorem 5.4 that M is algebraically 2-uniruled.
By Lemma 5.5, M cannot be of log general type. In other words, for any smooth
affine variety M of log general type, we necessarily have SH 0pMqˆ – Kˆ. Appealing to
Corollary 4.1 completes our proof.
Note that our theorem provides an alternative way to understand Corollary 4.2. One
can also try to prove a statement of similar flavour as Theorem 1.4 by making use of
the logarithmic PSS map introduced by Ganatra-Pomerleano in r31, 32s. Under the
assumption that M “ XzD, where pX,Dq is a multiplicatively topological pair in the
sense of r32s, SH 0pMq is isomorphic to the logarithmic cohomology H˚logpX,Dq as a K-
algebra, while H0logpX,Dq does not contain any non-trivial unit.
5.4 A conjectural picture
Although the results obtained in this paper are far from providing a complete classification
of Liouville manifolds admitting cyclic dilations, in view of our discussions in Section 1.5,
it seems to be reasonable to expect the following (note that we consider here only the case
when charpKq “ 0):
Conjecture 5.1. Let M be an n-dimensional smooth affine variety.
• If κpMq “ ´8, then M admits a cyclic dilation with h “ 1.
• If κpMq “ 0, then M admits a cyclic dilation if and only if it admits a quasi-dilation
with h ‰ 1.
• If κpMq “ n, then M never admits a cyclic dilation.
67
Note that in order for our conjecture to make sense, we need to regard manifolds with
SH˚pMq “ 0 as manifolds which carry cyclic dilations. As is conjectured by McLean, this
is precisely the case when M is ruled by affine lines.
The expectation that any smooth affine variety with κpMq “ ´8 should admit a
cyclic dilation is probably too optimistic, but this seems to be natural in view of Theorem
1.2, which should be thought of as a symplectic analogy of the Bonnet-Myers theorem
in Riemannian geometry. If one thinks of the maximal number of disjoint Lagrangian
spheres as measuring the “diameter” of a Liouville manifold, then this number should
be finite for those which are “positively curved”. As we have mentioned in Section 1.5,
κpMq “ ´8 provides a natural analogue of the “positively curved” condition in affine
algebraic geometry.
It seems likely that there is no exact Lagrangian tori in smooth affine varieties with
κpMq “ ´8. In view of Corollary 4.1, this provides evidences for the more precise
expectation that the marking map B : SH 1S1pMq Ñ SH
0pMq should actually hit the
identity. In fact, one may expect that for many of the affine varieties with κpMq “ ´8,
we actually have SH 0pMqˆ – Kˆ. As we have mentioned in Section 4.1, this has been
confirmed by the remarkable computations of Etgu¨-Lekili r25s for 4-dimensional Am and
Dm Milnor fibers. The uniqueness of smooth Calabi-Yau structures on WpMq in the case
when κpMq “ ´8 is more natural if one is willing to take a non-commutative geometric
point of view. For a simply-connected Calabi-Yau manifold, any two trivializations of the
canonical bundle are equivalent up to homotopy. On the other hand, the non-commutative
analogue of simply-connectedness corresponds to the cases when κpMq “ ´8 and κpMq “
n. At this point, it seems to be helpful to recall the fact that Koszul duality between the
Fukaya categories FpMq and WpMq is expected to be true in both of the cases when
κpMq “ ´8 (cf. r23, 25, 49s) and when κpMq “ n (cf. r8, 47, 48s).
If all the smooth affine varieties which admit cyclic dilations are those with h “ 1, and
those admitting quasi-dilations, then as we have already pointed out in Remark 4.2, one
can normalize the definition of the endomorphism ΦrL,rL on HF˚pL,Lq for a b˜-equivariant
Lagrangian submanifold rL “ pL, γ˜Lq so that it acts as the identity on HFnpL,Lq. How-
ever, it remains unclear whether a smooth affine variety with 0 ă κpMq ă n should admit
a cyclic dilation.
When n “ 2, acyclic affine surfaces with log Kodaira dmension 1 can be explicitly
constructed, see for example Section 7.1 of r52s. Since there should be no (orientable)
closed exact Lagrangian submanifolds in these affine surfaces, there is no local obstruction
to the existence of cyclic dilations. On the other hand, Let M be a contractible surface
of log Kodaira dimension 1, it follows from Proposition 7.4 and Proposition 6.2 that the
associated Liouville domain M is p2, µq-uniruled for some µ ą 0, which leaves the room
for quasi-dilations.
Since there should be an exact Lagrangian torus in every smooth log Calabi-Yau
variety, one expects that h ‰ 1 in view of Corollary 4.1. This can be rigorously proved
for log Calabi-Yau surfaces, in which case it follows essentially from Proposition 1.3 of
r34s that every log Calabi-Yau surface with maximal boundary is obtained as D˚T 2 with
some 2-handles attached along its boundary.
By Theorem J of r76s, if a smooth affine varietyM admits a dilation, then M is p1, µq-
uniruled for some µ ą 0 in the sense of Definition 5.2. In particular, κpMq “ ´8. It seems
the same argument as in Section 5 of r76s can be applied to prove the uniruledness of M
by affine lines when it admits a cyclic dilation with h “ 1. Combining with our Theorem
1.4, this proves the non-existence of cyclic dilations for affine varieties with κpMq “ n.
It would also be interesting to consider the existence questions of cyclic dilations for
Weinstein manifolds which are not necessarily affine varieties. An interesting class of
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examples are plumbings MΓ of T
˚S2’s according to connected diagrams Γ studied in
r25, 26s. In this case, there is a similar trichotomy as above, depending on whether Γ is
Dynkin, extended Dynkin or non-Dynkin and non-extended Dynkin. It makes sense to
expect the following:
Conjecture 5.2. Let MΓ be a Liouville 4-manifold as defined above.
• If Γ is Dynkin, then MΓ admits a dilation.
• If Γ is extended Dynkin, then MΓ admits a cyclic dilation.
• If Γ is non-Dynkin and non-extended Dynkin, then MΓ does not admit a cyclic
dilation.
As we have pointed out in Remark 4.1, it follows from r25s that if Γ “ Am or Dm,
then MΓ admits a dilation. The same should be true in the cases when Γ “ E6, E7, E8 as
is predicted in Conjecture 19 of r25s. As we have mentioned in the proof of Proposition
4.2, when Γ “ rAm, it follows from Corollary 19.8 of r60s that MΓ admits a quasi-dilation.
On the other hand, combining Theorem 1 of r26s and Theorem 1.2 of r36s, we see that if
Γ contains an unoriented cycle and Γ ‰ rAm, then SH 0pMΓq – K, therefore the existence
of an exact Lagrangian torus in MΓ excludes the existence of a cyclic dilation.
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